


TROESCH COMPLEXES AND EXTENSIONS OF STRICT 
POLYNOMIAL FUNCTORS 

ANTOINE TOUZE 

Abstract. We develop a new approach of extension calculus in the 
category of strict polynomial functors, based on Troesch complexes. 

r--s , We obtain new short elementary proofs of numerous classical Ext- 

^vj ' computations as well as new results. 

In particular, we get a cohomological version of the 'fundamental 
theorems' from classical invariant invariant theory for GL„ for n big 
enough (and we give a conjecture for smaller values of n). 

We also study the 'twisting spectral sequence' E"'*{F, G,r) converg- 

\f-\ • ing to the extension groups Ext^^{F^^' , G^^') between the twisted func- 

^S| , tors F^'"' and G^^'. Many classical Ext computations simply amount to 

the collapsing of this spectral sequence at the second page (for lacunary 

J. reasons), and it is also a convenient tool to study the effect of the Frobe- 

Fj , nius twist on Ext groups. We prove many cases of collapsing, and we 

Ph ' conjecture collapsing is a general fact. 

■s' 

a 
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1. Introduction 

fT^ , Let k be a field of prime characteristic p. In [FSj, Friedlander and Suslin 

I> I introduced tlie category V^ of strict polynomial functors (of finite type) over 

k. Let Vk the category of finite dimensional k- vector spaces. Roughly speak- 
ing, objects of Vk are functors F : Vk — >■ Vk with some additional polynomial 
cn ' structure, so that the following property holds. If G is an algebraic group 

1/-^ . (or group scheme) over k acting rationally on V, then functoriality defines 

^D I a rational action of G on F(V). Such functors occur very frequently in 

representation theory. Typical examples are symmetric powers S"*, tensor 
powers (8) , exterior powers A*^ or divided powers F". 

The category Pt is particularly suited to study the representation the- 
ory of GLn- Indeed, evaluation on the standard representation k" of GLn 
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H I induces a map: 



Ext^^(F,G) ^Ext^^jF(k-),G(k")) , 

which is an isomorphism as soon as n > maxjdeg F, deg G} |FS1 Cor 3.13]. 
Thus, one can use the powerful computational tools available in Vk to com- 
pute the 'stable' (that is, when n is big enough) extension groups between 
rational GL„-modules. 

A successful application of strict polynomial functors is the computation 
of extension groups between representations involving 'Frobenius twists'. If 
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2 ANTOINE TOUZE 

y is a rational representation of GL^, we denote by V^^' the rational repre- 
sentation of GLn obtained by twisting along the r-th power of the Frobenius 
morphism. The functor /'''' : V i— > V^^' is actually a strict polynomial func- 
tor. It has a crucial role in many problems, for example in cohomological 
finite generation problems \FS\ IVdK[ ITVdKj . Twisted representations are 
also related [CPSVdK] to the cohomology of the finite groups GL„(Fq). For 
these reasons, extension groups between twisted functors (that is, extension 
groups of the form Extp {F o /(''), G o /'''))) have received much attention, 
and many successful computations have been performed \FS\ IFFS^ ICH [U2] . 
In particular, Chalupnik has proved in |CH Thm 4.3] that Ext-groups of the 
form Extp (F^ o /''') , F o F^> ) (where F^ denotes a tensor product of divided 
powers) can be easily computed via an isomorphism: 

Ext;,^ (F^ o /('■) ,Fo&))^ Homp, (F'^ o (S, ^ /) , F) (*) 

where Er is the graded vector space Extp^{I^'^\ I^^>), and E^. ® I denotes 
the graded functor V ^ E^ (^V . 

In this article, we give a new approach of Ext-computations between 
twisted functors. This approach does not depend on the earlier computa- 
tions of |FSllFFSEtlClt[U2] . As main tool, we use the explicit injective cores- 
olutions of twisted symmetric powers built by Troesch in [Trj . These cores- 
olutions generalize to all prime characteristic what was previously known in 
characteristic p = 2 only [FLSl IFSj . At first sight these coresolutions are 
quite big and complicated (especially in odd characteristic), and one could 
fear that they are useless for concrete computations. But this is not the 
case: we show that only a very little part of the information contained in 
these coresolutions is needed for computations. In particular, we don't need 
the information borne by the differential (see lemma 14. 4p ! We exploit the 
latter fact to get the first main result of the article, namely: 

• we get a new and simpler proof of Chalupnik's isomorphism (*), 
and we derive from this isomorphism new short proofs of many Ext- 
computations. 

Then we try to go further in the study of extension groups between twisted 
functors. With the help of Troesch complexes, we obtain new results in two 
independent directions. 

• First, we apply isomorphism (*) to compute rational cohomology 
algebras of GL„. To do this, we need to improve Friedlander and 
Suslin's bound on n so that Extp^{T'^ o I^^> ,F o /('')) computes GL„ 
extensions. As an application, we give explicit generators and rela- 
tions for the cohomology algebra H*(GLn,A), where A is an algebra 
of polynomials over a direct sum of copies of the twisted standard 
representation (k")'*"^ and its dual (for n big enough) in the spirit of 
classical invariant theory. We give a conjecture for smaller n. 

• We introduce in section [7] the 'twisting spectral sequence' which gen- 
eralizes isomorphism (*). We show that this spectral sequence con- 
tains interesting information about extensions between twisted func- 
tors. As main new result, we prove in section [8] that in many cases 
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this spectral sequence collapses at the second page, and we conjec- 
ture that this is a general fact. A positive answer to this conjecture 
would improve significantly our understanding of the homological 
effects of Frobenius twists. 



Let us review more specifically the content of the paper. Sections [2] and [3] 
are mainly expository. They collect well-know facts about "Pt and describe 
the properties of Troesch coresolutions which we need for our computations 
(in propositions 13.41 and 13. 7p . For our computations, we do not need an 
explicit description of the differentials of Troesch coresolutions. However, for 
the reader's convenience, we have recalled their construction in an appendix. 

In section HI we present our elementary proof of Chalupnik's isomorphism 
(*). As corollaries, we retrieve many computations from jFSllFFSSllClj . Be- 
side brevity, our proofs have the advantage to avoid the use of many techni- 
cal tools (e.g. functors with several variables, generalized Koszul complexes, 
trigraded Hopf algebra structures on hypercohomology spectral sequences, 
symmetrizations of functors) which seemed essential in \FS\ IFFSSj , and also 
in [Clj since this latter article elaborates on the results of [FFSSj . 

In section El we enrich the computation of Extp (F'^ o /('') , F o /(^) ) by 
describing cup products as well as the twisting map: 

Fr 1 : Ext^^ (F^^ o /('■), F o jM ) ^ Ext^^ (F^^ o &+^') , F o &+^^ ) 

induced by precomposition by F^'. Although the result might not surprise 
experts, it is neither stated, nor proved in the literature. We use it to 
generalize some Hopf algebra computations of |FFSSj . 

In section [6l we try to apply our Ext-computations in "Pt to compute 
some rational cohomology algebras for GL„. When doing so, we encounter 
the problem that Priedlander and Suslin's bound on n such that Ext^ {F o 
F^' ,G o F^>) computes GL„ extensions is not sufficient. Fortunately, with 
the help of Troesch complexes, we prove that this bound can be substantially 
improved for extensions of the form Extp (F'^ o F^\F o F'''). Combining 
this with the previous computations of section [5] we prove a cohomologi- 
cal analogue of the 'Fundamental Theorems' from classical invariant the- 
ory. Namely, we describe the cohomology algebra H* [GFn, S* {{V^'^'^^)®^ © 
(|]j"(''))V®£-j^ Actually our result is valid for n > p"^ min{A;,^}. For n smaller, 
we state a conjecture. 

We introduce the 'twisting spectral sequence' E^'^{F,G,r) in section [71 
The second page of this spectral sequence is given by extension groups be- 
tween F and G precomposed by the functor V >-^ Er iSiV, and it converges 
to the extension groups Extp [F o F^', G o F^j). Although the construction 
of the twisting spectral sequence is a formal consequence of Chalupnik's 
isomorphism, it is an interesting tool to study extensions between twisted 
functors. Indeed, the effect of cup products and the effect of the twisting 
map Fri may be easily read on the second page, so the twisting spectral 
sequence is a convenient way to study them. For example, we can read the 
'twist stability' phenomenon |FFSSi Cor 4.10] on the second page, and the 
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injectivity of the twisting map Fri is implied by the cohapsing at the sec- 
ond page. Also, many classical computations amount to the collapsing (for 
lacunary reasons) of the twisting spectral sequence at the second page. 

In fact, we observe that the twisting spectral sequence collapses at the 
second page in all the computations known so far, even when there is no 
lacunary reason for it, and we conjecture this is a general fact. As a main 
result, we make a step towards this conjecture, by proving in section [8] that 
E{F, G, r) collapses at the second page for all r > and many pairs (F, G), 
including all pairs (F, G) studied in [FSl iFFSSl [CH |C2]. We also propose 
to the reader a combinatorial problem whose positive solution would prove 
the collapsing for any F, G. 

2. Background and notations 

In the article, we assume from the reader only a basic knowledge of the 
category Vt, corresponding to section 2 of the seminal article |FSj . We do not 
assume that any Ext-computation is known (we redo all the computations 
from scratch). In this background section, we introduce notations (most of 
them are standard), and we write down a few useful facts which are either 
implicit in, or easy consequences of [FSl Section 2]. 

2.1. Notations. Throughout the article, k is a field of prime characteristic 
p. If y is a k- vector space, we let V"^ := Homk(y, k). Many notations are 
as in [FSj . In particular F''(F) := F(y^y denotes the dual of a functor 
F (as in [FSl Prop 2.6]) and F^"^' denotes the composite F o I'^^' . For the 
sake of simplicity, we drop the index 'P^' on Hom and Ext-groups when no 
confusion is possible (i.e. Ext*(F, G) means Ext^^{F,G)). 

We denote tuples of nonnegative integers by Greek letters A, /j,, u. Let 
fj, = (/ii, . . . , fin) be a tuple. The weight of fj, is the integer ^ /Uj. If ?7i is an 
integer, we denote by mfj, the tuple {mfii, . . . , mfin)- We say that a positive 
integer d divides fj, if for all 1 < j < n, d divides fij. If X is one of the 
symbols S, A, F, we denote by X'^ the tensor product X^'^ ^- ■ -^ X^^" (since 
X^ = k, this tensor product has a meaning even if some fii are zero). 

We denote by / the identity functor (/ = A^ = F^ = 5^), and if VK is a 
finite dimensional vector space we denote by F{W (S) I) the precomposition 
of F by the functor V i-^ W ^V. 

Finally, we denote by 111,. the finite dimensional graded vector space which 
equals k in degrees i for < i < p^ and which is zero in the other degrees 
(we use the Cyrillic letter 'sha' by analogy with a dirac comb). We also 
denote by Er the even degree version of 111^, that is, Er is the graded vector 
space which equals k in degrees 2i, for < i < p*" and which is zero in the 
other degrees. We shall prove below in corollary 14.81 that Er is isomorphic 
to Ext* (/''') , F^^ ) , a result originally proved by Friedlander and Suslin and 
which inspires our notation. 

2.2. The exponential formula. Let X denote one of the symbols S, A, F. 
For all V, W, there is an isomorphism (natural in V,W, and associative in 
the obvious sense) 

x*{v) x*{w) ^x*{vew) . 
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According to [FFSSj . we call this isomorphism the 'exponential formula'. 
As a consequence of the exponential formula, -^'^(©"=1 Vi) is isomorphic to 
(2)^=1 -^ti^) where the sum is taken over the n-tuples /x = {^i, . . . , /i„) 
of nonnegative integers of weight d. 

2.3. Maps bet'ween tensor products. Let d be a positive integer and let 
kSrf be the group algebra of the symmetric group. We define a k- linear map 

kSd ^ Hom(®°', 0"') (*) 

by sending a permutation r E ©„ onto the natural transformation (still 
denoted r) which maps f 1 (8) • • • f d to Wt-i(i) <8> ■ ■ ■ (SD t'r-i(d)- 

Lemma 2.1. The map (*) is an isomorphism. 

Proof. Let {bi,...,bd) be a basis of k*^. For all r E (3^, the natu- 
ral transformation r G Hom((g)'^, (g)'^) sends 61 (X) • • • ® 6^ G (k'^)'^'^ onto 
br = &T-i(i) (S) • • • (8) &r-i(d) £ (k'^)®'^. Since the family {br)T&&d is free, one 
gets that (*) is injective. The subspace of weight (1, . . . , 1) of the GL^- 
representation (k'^)®'^ has basis {br)Te6d- ^Y i-^Sj Cor 2.12], this subspace 
is isomorphic to Hom((8)°', ig)°'). So for dimension reason, (*) is an isomor- 
phism, n 

2.4. Precomposition by Frobenius T^vists. Let F, G be two strict poly- 
nomial functors. Precomposing extensions by J^^-' yields a graded k-linear 
map (natural in F,G): 

Frr : Ext*(F,G) ^ Ext*(FW, G^'^)) . 

The following lemma asserts that this twisting map is an isomorphism in 
degree zero (further properties of this map are proved in sections [5] and [7]) . 

Lemma 2.2. Let r be a nonnegative integer. For all tuple fi of nonnegative 
integers and all F € Vk, precomposition by F^'^ and the inclusion Sf^^^' "^ 
S^ ^ induce isomorphisms: 

Hom(F,5^) ^ Hom(FW,S^W) , 

Hom(F(^),5^('')) ^ Hom(FW,5P''^) . 

As a result, for all F , G, precomposition by F'"' yields an isomorphism: 

Hom(F,G) ^ Hom(FW,G('')) . 

Proof. The S^ form a (injective) cogenerator in Vk, so the last isomorphism 
of lemma [2^2] follows from the first one by taking coresolutions. 

It remains to prove the first two isomorphisms. We prove them simultane- 
ously. First, the map Hom(F, S'^) — ^ Hom(F(''\ 5'^^''^), / i-^' /(''^ is injective. 
Indeed, if f'^^' = then using the isomorphism V ~ V^^^ (not natural in V, 
but which holds for dimension reasons) one gets that / = 0. The second map 
is induced by the injection S^^^^' ^^ 5^'^'^, so it is also injective (by left ex- 
actness of Hom(F, — )). Now, to prove the isomorphisms, it suffices to prove 
that Hom(F, S''^) and Hom(F'''\ S'^'^'^) have the same dimension, or equiv- 
alently that Hom(r'^,F'') and iiom.{TP'^'^,F^^^') have the same dimension. 
But we know their dimensions are equal by [FS, Cor 2.12]. D 
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As a consequence of lemma 12.21 one gets an elementary vanishing lemma: 

Lemma 2.3. Let r be a positive integer and let ji he a tuple of nonnegative 
integers. If p^ does not divide ^, then }ioTa.{F^^' , S^) = 0. 

Proof By duality [ESI Prop 2.6] and the Yoneda lemma [FSl Th 2.10], the 
two vector spaces Hom(F, S"^(Ik"(g)/)) and Hom(F(''), S'P'''^(lk"(g)/)) have the 
same dimension (which equals the dimension of F*{k."')). Decomposing these 
vector spaces by the exponential formula and using the second isomorphism 
of lemma 12.21 we get the cancellation for the n-tuples // of weight d which 
are not divisible by p*^. D 

2.5. Values of strict polynomial functors on graded vector spaces. 

Let Vk (resp. V^) denotes the category of (resp. graded) finite dimensional Ik- 
vector spaces and k-linear maps (resp. which preserve the grading). Strict 
polynomial functors are functors F : Vk ^ Vt with a 'strict polynomial 
structure'. This strict polynomial structure can be used to extend F into a 
functor F : V,J -> V,J, as follows. 

Let V* € V]J, and let 1/ G Vk be the ungraded vector space obtained by 
forgetting the grading. We define F{V*) by: 
(i) As a vector space, F{V*) equals F{V). 

(ii) Let the multiplicative group G^ act on each V^ with weight i. 
The strict polynomial structure of F endows F{V) with a ratio- 
nal action of Gm- Thus F(y) has a weight space decomposition 
-^(^) = 0j>o-^(^)*- '^^^ grading on F{V) is defined by putting 
F{Vy in degree i. 
The following lemma is a trivial verification. 

Lemma 2.4. Let V* £ V|J. Then evaluation on V* yields an exact functor 
evy* : Pk — ^ V|J which commutes with tensor products: evy* (F (g) G) = 
evv*{F) ^ evv*{G). Moreover, a graded map V* — > W* induces a natural 
transformation evy* — )• ev^y* . 

Remark 2.5. Alternatively, the grading on F(y) may be described in 
the following way. Let (ui)i<j<n be a homogeneous basis of V*, and let 
¥"■ ~ G^ be the corresponding subtorus of GL{V). The GL{V) repre- 
sentation F(y) decomposes as a direct sum of T"-weight spaces: F(y) = 
^ F[VY^''"' "' . The grading on F{V) is obtained by placing the summand 
F(y)( !'■■■' "■* in degree ^ di deg(f j) (to see it coincides with the former def- 
inition of F{V*), use the morphism Gm ^ G^"", x ^ (x'i^s(«.))^<.<^). 

Example 2.6. For symmetric, exterior, divided or tensor powers, the notion 
of degree is nothing but the usual one. For example, let V* = kei © Ike2, 
with Cj in degree i, and let F = A^ (g) 5^. Then ei A 62 © 616162 is an element 
of degree 1 + 2 + 1 + 1 + 2 = 7 of F(y*). 

Example 2.7. Let V* be a graded vector space and let r be a nonnegative 
integer. Then [V*)^"^' is a graded vector space with (y*)'**' in degree ip"^ . 

Let F £ Vt. If F* is a graded vector space and W is a vector space 
(concentrated in degree 0), then the degree defined above splits the strict 
polynomial functor F{V* ^ I) : W >—?■ F(y* (g W) into a direct sum where 
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each summand takes values of homogeneous given degree. Thus we may 
consider F(y* (gi /) as an element of the category V^, whose objects are 
strict polynomial functors equipped with a grading, and whose maps are 
natural transformations which respect the grading. From this viewpoint, 
lemma [23] may be reformulated in the following way. 

Lemma 2.8. Evaluation onV*(SiI yields an exact functor: 

which commutes with tensor products. Moreover, a graded map V* — )■ W* 
induces a natural transformation evy*^,/ — > evv^*®/- 

The following example is one of the basic examples of graded functors 
that we shall use in the paper. 

Example 2.9. Let r, d be nonnegative integers. Recall that III^ denotes the 
graded k-vector space which is one dimensional in degrees i for < i < p'^ 
and zero dimensional in the other degrees. Then by the exponential formula 
we have £''^(111^ (8> /) — © 5''^ where the sum is taken over all the ^''-tuples 
fi = {fiQ, . . . ,Hpr-i) of nonnegative integers of weight d. With this latter 
description, the summand S^ has degree ^i^i. 

Finally we give a graded version of the Yoneda lemma |FS1 Th 2.10]. 

Lemma 2.10 (The Yoneda lemma). Let V* he a graded finite dimensional 
vector space, and let d he a nonnegative integer. Then for all F S "Pt^^ one 
has graded isomorphisms (natural in F, V*): 

Hom(r^((y*)^ ® I), F) ~ F{V*) , 

Hom(F, S'^iV* (S) I)) ~ F^V*) . 

Proof. The second isomorphism is obtained from the first by duality, since 
Hom(F, S"^(V* (g) /)) is naturally isomorphic to Hom(r'^((F*)^ (g) I),F^) by 
|FS1 Prop 2.6]. The first isomorphism is given by [FS] Th 2.10). We have 
to prove that it respects the gradings. But this follows from |FS1 Cor 2.12] 
and remark [2.51 D 

3. Troesch coresolutions 

The main results of this section are propositions 13.41 and 13.71 These two 
propositions are blackboxes which we use as a key ingredient for almost all 
the theorems of the article. They give the properties of the Troesch cores- 
olutions B^{r)* . These coresolutions are injective coresolutions of twisted 
injectives of Vu. and they are derived from Troesch's main theorem in |Tr) . 
Since Troesch coresolutions are in fact p-coresolutions, we first recall some 
elementary facts about p-complexes. 

3.1. Recollections of p-complexes. A p-complex in "Pt is a graded func- 
tor C* = 0j>o C'* together with maps d : C^ -)■ C*+^ such that # = 0. For 
all 1 < s < p, we can 'contract' a p-complex C* into an ordinary complex 
(Cfgi)* by taking alternatively d^ and #~* as differentials: 
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A p-complex C* is said to be a 'p-coresolution of F' if the following holds. 
For all 1 < s < p, the map 

d" : C° ^ C 
has kernel F, and for all 1 < s < p and all i > the complex 

is exact in C* (in the complex above, take C-' = if j < 0). In particular, if 
C* is a p-coresolution of F, then for all < s < p the contraction (Crgi)* is 
a coresolution of F. Finally, a p-complex is acyclic if it is a p-coresolution 
of 0. 

3.2. Troesch's result. Recall from section [2] that 111^ is the graded vector 
space which equals k in degrees i, for < i < p'^, and that V i-^> S"^(IIIr (8) V) 
is considered as a graded strict polynomial functor, as described in example 
12.91 The following theorem is due to Troesch. It generalizes to all prime 
characteristic some coresolutions which were previously known in character- 
istic p = 2 only [FLSllFS] , In the statement of the theorem, we do not give 
an explicit expression for the differential 5. This expression is actually quite 
complicated but our arguments do not use the explicit description of 5. For 
our proofs, we only need to know that 5 existqj. 

Theorem 3.1 ([Tr, Thm 2, Thm 4.3.2]). Let r he a positive integer and let n 
be a nonnegative integer. Let B(i{r)* denote the graded functor £'(111^ (8>/). 
Then Bd{r)* is equipped with a p- differential 6 such that 
(i) 6 raises the cohomological degree byp"^^^. 

(ii) If d = p'''n then {Bd{r)*,6) is a p- coresolution ofS"'^^'. If p^ does 
not divide d, then {B(i{r)* ,6) is p- acyclic. 

Remark 3.2. Since the p-differential 5 raises the cohomological degree by 
p**^^, Bci{r)* is the direct sum of the p-complexes Bci^i{r)* {0 < i < p"^'^): 

The meaning of BpTn{r)* being a p-coresolution of S"'^'^' is that Bprnfi{r)* 
is a p-coresolution of £'"■(''), and the other Bpr^i(r)* are acyclic. 

3.3. Ready for use injective coresolutions. For our computations we 
need to elaborate a bit on theorem 13.11 For all positive integer n and all 
k-vector spaces {yi)i<i<n-, the exponential formula yields an isomorphism of 
graded objects: 

Bd{rT{Vi®---®Vn) ~ B^,{rY{Vi)®---®B^Arf{Vn) (*) 

By theorem 13. H the graded object -Bd(?')*(0"=i ^i) is equipped with a p- 
differential 5. We want to transport 5 on the right hand side of isomorphism 
(*). For all n-tuple jjl of nonnegative integers of weight d, we may consider 
(8)r=i B^,^{rY{Vi) as a direct summand of Sd(r)*(©^^i Vi). 



The only exception to this is lemma 15.21 (for which we mention two other proofs 
which do not rely on Troesch complexes). Everywhere else in the paper, we only use the 
information on 5 given by theorem 13.11 For the interested reader, we recall Troesch's 
construction of Bd{r)* in appendix |5] 
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Lemma 3.3. The p-differential 6 restricts to (^"=x B^.(r)*(yi). 



xn 
m 



Proof. Consider ®"=i Vi as a representation of the n-dimensional torus 
of weight (1, . . . , 1). By functoriahty, -Bd('^)*(©iLi ^) is a representation 
of G^" and (S)7=i ^U^^^^^^ ^^ ^^^ vector space associated to the weight 
(/ii, . . . ,/ira). Now 5 is G^" equivariant, hence 'S)7=i ^Mi('')*(^) ^^ (^-stable. 

D 

By lemma [331 we can view the p-complex {B(i{r)*{V'^"'),6) as the di- 
rect sum of the p-complexes ((2)^=1 -^m* (^)*(^)' ^)- These latter p-complexes 
serve as a basis for the computations in this article. The remainder of the 
section is devoted to the study of their properties. 

Proposition 3.4 (Blackbox 1). Let r be a positive integer and let fi = 
(/ii, . . . ,/i„) be a n-tuple of nonnegative integers of weight d. Denote by 
Bfi{r)* the graded strict polynomial functor 

B^ir)* := B^, (r)* • • • ® fi^„ (r)* = 5^(m, I) . 
Then B^{r)* is equipped with a p-differential 6 such that: 
(i) 6 raises the cohomological degree by p^'~^ . 

(ii) If fi = p^v, then {B^{r)*,6) is a p-coresolution of S'^^^'. If p^ does 
not divide fi then, (i?^(r)*,(5) is p- acyclic. 

Proof. Take for 6 the restriction of the p-differential 5 of lemma 13.31 to 
B^{r)*. Then (i) is satisfied. Moreover Bfj_{r)* equals S^ in degree 0, so 
ii p^ divides fi we have an injective map: S'^/p'^ (^) ^^ B^{r)^. Now for 
all finite dimensional k- vector space V, Troesch complex Bd{r)*(y®'^) is 
isomorphic to the direct sum of complexes ©„ -B^C?^)*!^)- The inclusion 
Sd/p-(r)(^y®n-^ ^ Bd{rf{V®'') = 5"^(y®") identifies through this isomor- 
phism with the direct sum of the maps 5A'/p''('')(y) ^^ B^{r)^{V) = S^^{V) 
(with the convention that S^'^' ^'^'{V) = if p'' does not divide //). Thus 
(ii) results from theorem 13.11 D 

Example 3.5. To make things more concrete, we draw two small examples 
of i?^(r)*. First, if p = 2, r = 1, and /i = (3) then i?(3)(l)* is the 2-complex: 

56 4 55 ^ ^1 4 ^4 ^ ^2 i^ ^3 ^ ^3 4 ^2 ^ ^4 4 ^1 ^ ^5 i, ^6 ^ 

Now if p = 3, r = 1 and // = (1), then i3(i)(l)* is the 3-complex: 

52 (g) 5^ §3 52 ^ gi 

S^ (g) 52 (g)3 51 ® s^ 

In these examples, we do not give an explicit formula for the differential 6, 
but as we already said at the beginning of the section, we don't need such 
a formula for our proofs. 

Remark 3.6. To define a p-differential on Bfj_{r)* , we have chosen to trans- 
port the differential 6 of i?rf(r)*(y®'^) onto the graded object Bfj,{r)*{V) via 
isomorphism (*). We could have made another choice, namely we could have 
taken B^{r)* as the tensor product of the p-complexes B^-(r)*. A priori, 
there is no reason why these two definitions should coincide. And indeed. 
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one can check from the exphcit expression of 6 given in [Tr^ Section 4.2] 
that for r > 2, these two constructions are not equivalent, that is, these two 
constructions induce distinct ^-differentials on B/^i^r)* (cf. remark [5.71 for 
some problems linked with this fact). 

Let /U, u be two tuples of weight d and let / G Hom(S''', S"'). By evaluating 
/ on Ulr'S^I, one obtains a graded natural transformation between the graded 
functors S^(r)* = Sf^iUIr /) and B^{r)* = S^iUIr /). The following 
statement is specific to our definition of 6. 

Proposition 3.7 (Blackbox 2). Let r be a positive integer, let ^1,1/ be two 
tuples of nonnegative integers of weight d and let g € Hom(S'^, S"^). The 
morphism of graded functors 

g{mr®I):B^{ry ^B,{ry 



commutes with the p- differential 6 of proposition \3.4\ In particular, if f £ 
ILom.{S'^,S'^) fits into a commutative diagram: 



QH (r) s- QU (r) 

then /(ni^®/) is a chain map between the p-coresolutions {Bpr^[r)* ,5) and 
{Bpry{r)* ,5) which lifts f. 

Proof. Step 1. We first treat the case S^' = S" = ®'^. By lemma EH the 
permutations a G (3^ form a basis of Hom((8)°', (g)*^). So we only have to prove 
the statement for such maps. Let a € 6^, then a acts on (111^ ^ V)®'^ by 
permuting the factors (without sign) and on V®'^ by permuting the terms, 
and for all V we have a commutative diagram of graded vector spaces: 

Bdirfiv®^) -5(i,...,i)(r)*(y) = (m,®y)^'^ 



Bd{rY{a) 



cr{m,.(g)y) 



Bd{rY{V®'') -S(i,...,i)(r)*(y) = (m,^T/)®^. 

In this diagram, all the graded objects bear a p-differential 5. The horizontal 
maps are the projections onto a summand of the p-complex Bd{r)*{V® ), 
hence commute with 5. The map Bd{r)*{a) also commutes with 6, by func- 
toriality of Bd{r)* . Thus, (T(lIIr ® V) commutes with 5. 

Step 2. Next, we treat the case where S^ = ® , v is an arbitrary n-tuple 
of weight d, and where g : ®'^ ^^ S^ \s a. tensor product of multiplications. 
Observe that not all the homomorphisms between ® and S'^ are of this 
form (the case of a general morphism g will be treated in the last step of the 
proof). Let S^ : V®'^ — )• F®" be the sum map associated to the partition 
V, that is T.g sends {vi, . . . , Vd) to {YhLi Vi,--- , Yli=d-u ""«)• Then for all V 
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we have a commutative diagram of graded objects: 

BdirfiV®'') S(i,...,i)(r)*(y) = (m, ® V)^'' 



Bd{r)*{T.g) 



g{lIlr®V) 



Bd{ry(y®'') ^ B^{r)*{V) = S^UIr ® V). 

As before all the the graded objects involved bear a p-differential 6, and the 
horizontal maps and the vertical map on the left commute with 6, whence 
the result for g{Ulr ® V)- 

Step 3. Finally if /i, v are two tuples of weight d, and g : S^ —^ S'^ , then 
by projectivity of (S)"^ in Vt, g lifts to a map g : (Si'^ ^ (^'^. So for all V we 
have a commutative diagram of graded objects: 

(m^ (g) F)®°' ^ Sf'iuir (g) V) 



giUlr^V) 



gCnir^V) 



{Ulr y)®'^ ^ S^iUlr V). 

In this diagram, all the objects bear a p-differential. By step 1, 5(111^ V) 
commutes with the p-differentials, and so do the horizontal arrows by step 
2. Since the horizontal arrows are epimorphisms, we obtain that gijUr <8) V) 
is a morphism of p-complexes. D 

4. Classical computations revisited 

Let r be a positive integer, let /i be a tuple of nonnegative integers and 
let F (^ Vk- In this section, we focus on the computation of the extension 
groups of the form: 

(1) Ext*(FW,S^W) (2) Ext*(r'^(^),FW) . 

The duality functor -" : P^^ ^ Pk of [FSl Prop 2.6] induces for all F, G an 
isomorphism, natural in F, G, between Ext*(F, G) and Ext*(G'', F*). There- 
fore we may restrict our attention to (1). 

These extension groups were computed by Chalupnik in [CH Thm 4.3], 
where the proof relies heavily on the technical computations of |FFSS| . In 
section W?\\ we give a new simple direct proof of [CI' Thm 4.3], relying on 
Troesch coresolutions. Then we show in section 14.21 how to use this result 
to recover classical computations to be found in the literature. 

4.1. Computation of Ext*(-F'^'*, S''^^^'). Our proof relies on an elemen- 
tary observation: if T{S^,r)* denotes the injective coresolution of S^^"^' 
obtained by contracting Troesch p-complex Bpr^(r)*, then the cochain com- 
plex }iom.{F^^' ,T{S'^,r)*) is zero in odd degrees, so its homology is very 
easy to compute! To prove the vanishing of IIom(F'''\r(5^,r)*) in odd 
degree, and to compute its even degree part, we first analyze the graded 
vector space IIom(F^^\i?pr^(r)*). 

Step 1: Analysis of the graded vector space liom{F^^'' , Bpr ^(r)*). 
Recall that Bpr^(r)* equals S^ '^(ni^ ^ I) as a graded functor. By lemma 
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12.21 evaluation on the Frobenius twist I^^' yields an isomorphism of graded 
vector spaces: 

Hom(F,5'^(mW ® I)) ^ Hom(FW,5^('')(m^ ® I)) (.4) 

Now by evaluating the injection 5^ ^^' M- S^"^^ on Illf. (g) I we get a graded 
injection S^^^'{lllr I) ^-> 5^ ^(ni,. ® I), whence a morphism of graded 
vector spaces: 

Hom(FW, 5^(")(m, I)) ^ Hom(F("\ SP>(m^ O /)) (B) 

which is also an isomorphism by lemma [22J We denote by S,{F,S^,r) the 
isomorphism of graded vector spaces obtained by composing (A) and (-B): 

C(F,5^,r) : Hom(F,S^(mW O/)) ^ Hom(FW, Bpr^(r)*) . 

The following lemma gives some properties of ^{F, S^,r). 

Lemma 4.1. Let r be a positive integer, let ^ be a tuple of nonnegative 
integers and let F GVt- 

(i) The graded vector space iiom.{F^^' ,Bpr^[r)*) is concentrated in de- 
grees divisible by p"^ . 
(ii) Let f S Hom(Fi, F2). The following diagram of graded vector spaces 
is commutative: 

Hom(Fi, 5^(mr ® /)) Hom(Ff \ Bp.^(r)*) 



/* 



/M* 



YLoTn{F2,S^'{m^ /)) ^ Hom(F2^"\ Bpr^(r)*) 

(iii) Let f G RomiSf", S"), and let f : 5p'> -^ Sp"" be a lifting of /(^). 
The following diagram of graded vector spaces is commutative: 



^(F,S'^,r) 



Hom(F, S^'{m)!'^ ® /)) ^— ^ Hom(F('-), fi 



/(in*'-)®/). 



p' fi\f) 



/(in.cg)/). 



Hom(F, S^(mr^ ® /)) Hom(F('^), Spr^( 



r 



Proof. The graded vector space 111^ , hence the functor 5^(111^ (X" I), is 
concentrated in degrees divisible by p"^ (recall that —^^' acts as a homothety 
of coefficient p*" on the degrees of graded vector spaces). Since S,{F,S'^,r) 
is a graded isomorphism, we obtain (i). (ii) and (iii) follow directly from 
the description of ^{F, S^, r) as the composite of the isomorphisms (A) and 
(B). D 

Step 2: Ext-computation. We first define explicit injective coresolutions 
T^S'^jr)* of the S^^''"'^s by contracting Troesch p-complexes. 

Definition 4.2. Recall Troesch p-complex {Bpr^{r)* ,5) given in proposition 
We define T{S'^,r)* as the cochain complex such that for all z > 0: 

^(5^r)2^ = i?p.^(r)P'■^ 

T{S^,rf'+'=Bpr^{rf'+P'-\ 
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the differential T{S^^,r)'^'^ — )• r(S''^,r)^*+^ equals 5 and the differential 
r(5^,r)2i+i -^ T{S'',rf'+^ equals dP'K By proposition [331 T{S^',r)* is 
an injective coresolution of S'^^^'. 

Example 4.3. In characteristic p = 2, T(S^, 1)* has the form: 
In characteristic p = 3, T(S^, 1)* has the form: 

By definition, 'Ext*{F^^' , S^^^^') is computed as the homology of the 
cochain complex Hom(F(''', T(S'^,r)*). But we have seen in lemma I^TT i) 
that the graded vector space Hom(F(^-', Bpr^{r)*) is concentrated in degrees 
divisible by p^ . So this means that the complex Hom(F(^), T(S^, r)*) is zero 
in odd degrees! We record this fact in the following lemma. 

Lemma 4.4. The complex iiom.{F^^' ,T{S'^ , r)*) is concentrated in even de- 
grees. So for all i > we have: 

Ext2^+i(FW,5^W) = 0, 

Ext2^(FW,S^('^)) = Hom(FW,r(5'^,r)2^) = Rom{F^''\Bpr^{rf') . 

Now we can use the isomorphism S,{F,S^,r) defined in the first step, to 
identify explicitly the even part of Ext*(-F*-''', S''^^'"^). To be more specific, 
recall that Er denotes the graded k-vector space concentrated in degrees 
2i for < i < p^ , and one dimensional in these degrees. So S^{Er I) 

and ^^(lllr ^ /) coincide as ungraded functors, and the degree 2i part of 

the graded functor S^{Er I) equals the degree p^z part of 5''^(lIIr <8) /). 
Thus, we may rescale ^(F, S'^,r) (i.e. multiply all degrees by 2/p'^) to get 
an isomorphism of graded vector spaces 

Hom(F,S^(F^ O/)) ~ Hom(FW,r(5'^,r)^^^'^) = Ext*(FW, 5^^ W) . 

To finish our Ext-computation, we need to check that the isomorphism we 
have just constructed is natural with respect to F and S^. 

Lemma 4.5. The isomorphism Rom{F,S^{Er ® /)) ~ Ext*(F(''), S^^"")) is 
natural with respect to F, S^ . 

Proof. Let f : F ^ F' . Rescaling lemma I4.ir ii) we get a commutative 
diagram of graded vector spaces (which are zero in odd degree) : 

Hom(F,S^(FrOl))^^^Hom(FW,r(5/^,r)*)^^^Ext*(FW,S^W) . 



/* 



/M- 



/ 



(r), 



Hom(F', S^{Er /)) ^^ Hom(F'("\T(5'^, r)*) Ext*(F'^'^\ 5^ W) 

This proves the naturality with respect to F. The naturality with respect 
to SI" is shghtly more delicate. Let f : S^" ^ S"" and let /: SP> -^ Sp"" be 
a lifting of f^^' (such a lifting exists since S^ '^ is injective). By proposition 
13.71 /(lllr (X) /) is a lifting of / to the p-coresolutions B^{r)* -^ B^{r)* , so it 
induces a lifting T{f,r)* := /(lllj. (g) /)[i] of / to the injective coresolutions 



14 ANTOINE TOUZE 

T{S'^,r)* — )• T(S'^,r)*. Rescaling lemma HTlT iii) we get a commutative 
diagram of graded vector spaces (which are zero in odd degree) : 

Hom(F,5'^(S^(g)/))^^Hom(FW,r(S^,r)*)^^Ext*(FW,5^W) . 



m/.r-)*). 



(/('■)), 



Hom(F,5'^(£;^®/)) ^^Hom(FW,r(5^r)*) ^^Ext*(FW,5'^W) 

This proves the naturahty with respect to S''^. D 

To sum up, we have proved (compare |CH Thm 4.3]): 

Theorem 4.6. Let r be a positive integer, let fj, be a tuple of nonnegative 
integers and let F (^ Vu- There is a graded isomorphism, natural in F and 
SI": 

Ext*(FW,5'^W) ~Hom(F,S^(^,®/)) . 
Similarly, there is a graded isomorphism, natural in F and F'^; 

Ext*(r'^(^'),F(^')) ~ Hom(r'^(^^ ® /),F) . 

Corollary 4.7. Let ^ be a tuple of nonnegative integers and let i be a 
nonnegative integer. The two following functors are exact: 

F ^ Ext* (F'^^'') , F^'') ) , and F^ Ext* {F^''\ S^^*") ) . 

Proof. Use that T^{E.f(^L) (resp. S^{E,i~(^L)) is projective (resp. injective). 

D 



4.2. Other classical Ext-computations. Now we show that theorem 
encompasses concrete Ext-computation which can be found in the literature. 
First, as a special case we obtain the following corollary, originally proved 
by Friedlander and Suslin |FSj and which inspires the notation E^. 



Corollary 4.8 ( |FS] ). There is an isomorphism of graded vector spaces: 

F^~ Ext* (/('■), /('■)) . 

Recall that F'^'" denotes the functor V H> F'^(Homk(k", 1/)), and 5"=^'" its 
dual. More generally, if [/ is a finite dimensional vector space, we denote 
by F'^^'^ the functor V ^ F'^(Homk(C7, F)) and by S"^'^ the functor V ^ 
S'^{U V). The following result was proved by Chalupnik [CI, Cor 5.1]. 

Corollary 4.9. Let F be a homogeneous functor of degree d. There are 
graded isomorphisms, natural in F, U: 

Ext*(F'^'^W,FW)~F([/«)F^) , and Ext* {F^'^l S"^'^ '■^^) c^ F^ {U ® Er) . 

Proof. By the exponential formula, F'^''^ is a direct sum of functors of the 
form F'^. So the result follows from theorem 14.61 and the graded Yoneda 
lemma ETOl D 

Corollary 4.10. For any j, < j < r we have the following computations 
ofFixt-groups: 

(i) [FS. Thm 4.5] The graded vector space Ext*(/*^''', S^"^ ^ ^^') is concen- 
trated in degrees q such that q = mod 2p^~^ , q < 2p^ , and is one 
dimensional in these degrees. 
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(ii) [i^'FSSl Thm 5.1] Set Urj = Ext* {Tp"'' ^^\&')). Then we have iso- 
morphisms 

Proof, (i) is a straightforward application of either theorem 14.61 or corollary 
IMl For (ii), use that E^""'^^ = Ext* (rP""' (j), /('')) by theorem WM and 
apply corollary 14.91 D 

The symmetric group (3^ acts on (g)*^ by permuting the factors of the 
tensor product. This action induces an action of &d on the extension groups 
Fiyit*{F^'^',(S>^'^'). As another application of theorem \4.6\ we compute the 
graded ©^-module Ext*(F(^), «)'^('^)). 

Corollary 4.11. Let F be a strict polynomial functor, let r,d be positive 
integers. Let 6d o,ct on E® by permuting the factors of the tensor prod- 
uct, and let &d o,ct diagonally on Hom(F, (g) ) ® E^ . There is a graded 
isomorphism of <3d-m,odules, natural in F: 

Ext*(F('^), (g)'^('-)) ~ Hom(F, ®'^) ® Ef^ . 

Proof. By theorem 14.61 Ext*(-F^''\(8' '^-') is isomorphic (as a ©^-module) to 
Hom(F, {Er O I)®'^). But {Er ® I)®"^ ~ L®'^ O Ef^ (here ©^ acts on the left 
term by permuting the factors of the tensor products, and ©^^ acts on the 
right term by permuting simultaneously the factors of the tensor products 

I'®'^ and Ef"^. Now Hom(F, I'^'^'^Ef'^) is isomorphic to Hom(F, L'®'^) <^ Ef<^ , 
whence the result. D 

Remark 4.12. Corollary 14. Ill is a generalization of the computation of the 
©^2-module Ext* (/('') ®'^,/W®'=') stated in [CI, p. 781] and also proved in 
[FFl Thm 1.8]. See also proposition 15.41 



5. Additional structures 

Extension groups between twisted functors are equipped with the follow- 
ing additional structures. 

(1) Products. Let Fi,F2,Gi,G2 be strict polynomial functors. The 
extension groups are equipped with a product: 

Ext'''{Fi,Gi)^Ext''^{F2,G2)^Ext^^+''^{Fi^F2,Gi^G2) , 

defined on the cochain level by taking tensor products of cocycles, 
as in e.g. [Bl', Section 3.2]. 

(2) Twisting maps. Let F, G be two strict polynomial functors, and 
let r be a nonnegative integer. Evaluation on j'^' yields a twisting 
map (natural in F, G) : 

Fri : Ext*(F('^),G('')) ^ Ext*(F('^+i\ G^'^+i)) . 

The main result of this section is theorem 15.61 It improves theorem 
14.61 bv asserting that one can choose the isomorphisms Ext*(-F'-''', S''^^''^) ~ 
Hom(F, S'^{Er®I)) (natural in F, S^^) so that they are compatible with prod- 
ucts and twisting maps. To prove theorem 15.61 we first study the special case 
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of F,xt*{0'^^^',C!Si'^^^') in section [5TT1 With this computation in hand, theo- 
rem 15.61 is a formal consequence the exactness result given in corollary 14.71 
Finally, in section 15.31 we apply theorem 15.61 to Hopf algebra computations 
which generalize some results of [FFSSj . 

5.1. Computation of Ext* ((g)°'(''\ (g)"' ('')). Corollary 14.111 already yields a 
description of Ext* {^'^ ^^> , 0'^ ^^> ) as a &^ -module, but we need a more 
accurate description (with cup products and precomposition by Frobenius 
twists). We first giye three preparatory lemmas. The first one is an elemen- 
tary consequence of lemma 12. 1[ 

Lemma 5.1. The following map is an isomorphism: 



Hom(/, Er 


I)®"' kSd 


-^ 


Hom(0° 


\{Er 


(g)/)®'^ 


fi^-- 


■^fd^a 


H^ 


ao (/i 


®--- 


(g fn) ■ 



We have already computed the graded vector space Ext*(/*-^',/'-''^) in 
corollary 14. 81 We add the description of the twisting map Fri in the following 
lemma. This result is well known (cf. [J, Part II, prop 10.14] or [FSl Cor 
4.9]), although the proofs available are not so easy. We give here a new 
proof based on Troesch complexes. 

Lemma 5.2. The twisting map Ext*(/W,/W) -^ Ext*(/(''+i),/('^+^)) is 
infective. 

Proof. If J* is an injective coresolution of J'*"^ and K* is an injective cores- 
olution of /(''+^), the twisting map is described on the cochain level as the 
composite 

Hom(/W, J*) ^Hom(/(''+i),J«*) ^ Hom(/(''+i),if*) , 

where / : J^"^' * -^ K* is a chain map which induces the identity map 
j(r+i) _ j(r+i) g^f^gj, taking homology (such a map exists and is unique up 
to homotopy). 

In this proof, we take the injective coresolutions J* = T{I,r)* and K* = 
T(I,r + 1)* from definition 14.21 that is T{I,r) is a contraction of Troesch 
^-complex Bpr{r). Now we give an explicit formula for the chain map / : 
T{I,r)'^^^* — ;• r(I, r -|- 1)*. We consider the composite 

5P'' (m, ® /(I) ) ~ S'P'' (1) (m, ®i)^ 5^''^' (m, ®i)^ s^''^' (m,+i ® /) (*) 

To be more specific, the first map is induced by the isomorphism 111^ — 111}, 
which maps the summand k of degree i of 111^ identically onto the summand 
k of degree pi of 111}. . The second map is induced by the canonical inclusion 
gp'' (1) ^-^ gp' ^ and the last map is induced by the canonical inclusion of 
111^ into lllr+i- This composite is a morphism of functors, which sends an 
element of degree i to an element of degree pi. Now the graded functors 
SP'iUIr O /(I)) = Bpr{r)*W and Sp"^' {Ulr+i /) = Bpr+i{r + 1)* bear 
a p-differential, and it follows from the construction of the differential of 
Bpr+i{r + 1)* in |Trl Section 4.2 and 4.3] that the composite (*) commutes 
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with the p-differentialifl. We define / : T(/,r)(i)* -^ T{I,r + 1)* as the 
contraction of the composite (*). 

Now, with our exphcit injective coresolutions and our explicit /, we can 
compute the twisting map. Recall that for all r > 0, the complex T{I, r)* 
contains exactly one copy of S^ as a direct summand in each even degree 
strictly less than 2p'^, so we have an inclusion of graded functors Erf^S'^ M- 
r(I, r)*. But by definition of /, the restriction of / : T{I, r)(^) * -^ T{I, r + 
1)* to Er (8i S^"^ ^^' equals the map (f> defined as the composite: 

Hence we get a commutative diagram of graded vector spaces: 
Hom(/('') , T{I, r)*) -^^ Hom(/('~+i), T(/, r)(i) *) ^ Honi(/(''+i) , T{I, r + 1) 



Observe that the top row of the diagram actually describes the twisting 
map on Ext-groups (we don't need to take the map induced in homology 
since the complexes involved are zero in odd degrees). Moreover, we know 
that Hom(/('^), r(I, r)*) ~ Er for ah r > 0, and by lemma[22]Hom(/('^), ^^O 
5^ ) is also isomorphic to Er- Since the vertical arrows are injective, this 
shows that they are actually isomorphisms. Thus we can read the injectivity 
of the twisting map on the bottom row of the diagram. But Fri is an 
isomorphism by lemma [2?2] and 0* is an injection since (p is injective. This 
concludes the proof. D 

The following lemma is an easy consequence of lemma 15.21 

Lemma 5.3. One can choose a family of isomorphisms 

B{I, I, r) : Hom(7, 1 ® Er) ^ Ext*(/('') , &^) 

for r > such that for all r we have a commutative diagram (where the left 
vertical arrow is induced by the canonical inclusion of Er into Er+i): 

Rom{I,I^Er) ^^Ext*(l('-),/W) . 

Fri 

Hom(/, / Er+i) -^^ Ext*(/(^+i), /('■+1)) 

Proof. We know that Fri is injective. But since the dimensions of 
Ext* (/('"), I^*^)) and Ext^(l(*'+i),/('^+i)) coincide in degrees i < 2p'' , this 
means that Fri : Ext* (/(''), /('")) — )- Ext*(/(''+^),/('"+^)) is an isomorphism 
in degrees i < 2p'^ and is zero in higher degrees. 

So we may define 6(1, 1, r) by induction on r. For r = 0, we take 
9{I,I,0) = Id. For r > 1, let vr^ denote the projection of Er+i onto its 



This argument is actually the only argument in the paper where one needs more 



information on 5 than what is contained in theorem 13. II For the reader's convenience, we 
have added a description of Troesch's construction in appendix [S] with a proof that / is 
a chain map in lemma [5751 
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direct summand Ej.. It is an isomorphism in degrees i < 2p^ . We de- 
fine 9{I,I,r + 1) in degrees i < 2p^ as the composite Fri o 6(1, 1, r) o tt^. 
In higher degrees, we can choose any isomorphism between (E'r+i)* and 

Ext^(/(^+i),l(''+i)) to define e{I,I,r + l). D 

Proposition 5.4 (Compare |CH p. 781], |FFl Thm 1.8]). Letd,r be positive 
integers. The following map is an isomorphism: 

Ext*(/W,l(''))®'^0k6d -^ Ext*(/W®'^,lW®^) 
ci (g) • • • (g) Cd (g) a I-)- a* (ci U • • • U c„) . 

Moreover, let ©^ act on the source by the formula: 



(a, r) • (ci (g) • • • (g) Cd (g) a) = c^-i(i) (g • • • (g c^-i(d) 



Taa 



-1 



and let &^ act on the target by the formula: (cr, r) • c = t*((T ^)*c. Then 
the above map is 6^ -equivariant. 

Proof. The map is clearly equivariant, since it is given by cup products (no 
sign is involved since Ext*(I^^'-', I^'^-') is concentrated in even degree). We 
have to prove it is an isomorphism. 

We use the injective coresolution T{I,r)* of T^' given in definition 14.21 
Then T{I, r)* ^'^ is an injective coresolution of /'''' ^'^ and the map of propo- 
sition [53] is given on the cochain level by the chain map: 

Hom(lW,r(/,r)*)®'^«)ked -^ Hom(/W®'^,r(/,r)®'^*) 
/i(8)---(g/d(gcr ^ ecro(/i(g...(g/rf) 

where e is a Koszul sign which equals one if all the fi are in even degree. 

By proposition 13.41 each T{S^,r)'' is a direct sum of functors S*^ of poly- 
nomial degree X] /"« = P^- Moreover, for < fc < Ip"^ , either k is odd and the 
S'^ are such that p'" /^u, or k is even and T{S^,r)^ contains exactly one Sp"" 
as a summand. Thus we have a commutative diagram of graded objects: 

Hom(/(^') , T{I, r)*)^'^ kS^ ^ Hom(/('") '^<^, T{I, r)^'^*) 



Hom(/(''), £;^ (g S'P'')«5rf (g, ik©^ ^ Hom(/('') ®'^, {Er O Sp^ 



\®d\ 



By the vanishing lemma 12.31 the vertical arrows are isomorphisms of 
graded objects. In particular, the complexes at stake are zero in odd de- 
grees, and the map of proposition 15.41 identifies with the bottom map of the 
diagram. Now by lemma [221 the bottom map of the diagram identifies with 
the map of lemma 15. H hence is an isomorphism. HI 

Corollary 5.5. There exist a family of isomorphisms 

e(®^ (g^ r) : Ext*((g'^(''\ (g-^^")) ~ Hom((g'', (S^ (g /)®^) 
for d > I, r > 1, which are natural in (g , (g , and compatible with products: 

e{(g)'^,(8)'^,r){c)(g)e{(g)'^',(g)'^',r){c')=9{^'^+'^',(^'^+'^',r){cUc'). 
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Moreover, the twisting maps fit into commutative diagrams (where the ver- 
tical arrow on the right is induced by the canonical inclusion E^ "^ Er+i) 

Ext*(«)'^('^), (g)'^('^)) — ^ Hom((g)'^, {Er (8) J)®'^) 

Fri 

Proof. Lemma 15.21 yields an isomorphism between Hom(/, / Ej.) 
and Ext*(/(^), /(^))®°' (g) k&d- We define 6(0'^, (g)'^, r) by composing this iso- 
morphism by the inverse of the isomorphism of proposition 15.41 and the 
isomorphism of lemma 15. 11 D 

5.2. The general case. We now state the main result of section [5l 

Theorem 5.6. Let r be a positive integer, let ^ be a tuple of nonnegative 
integers and let F & Vt- There is a graded isomorphism, natural in F and 
SI": 

e{F,S'',r) :Ext*(FW,5'^('^)) ~Hom(F,5'^(^^«)/)) . 
Moreover, 9{F,S^,r) satisfies the following properties. 

(1) 9{F,S^,r) commutes with products: 

e{Fi ® F2, S^' 5'^^ r)(ci U C2) = e{Fi,S^\r){ci) ® e{F^, S^'\r){c2) . 

(2) 9{F,S^,r) is compatible with twisting maps, that is 9{F,S^,r) and 
9{F, S^,r + 1) fit into a commutative diagram: 

0(F St^ r) 

Ext*(F('^), S^(^')) '-—^ — ^ Hom(F, St'J^Er ® I)) 

Fri 

Ext*(F('^+^),5^(^+^)) ^^^•^^■'"+^1 Hom(F, 5^(^^+10 7)) , 

where the vertical arrow on the right is induced by the canonical 
inclusion Er ^^ E^+i (Er is the part of E^+i of degree < 2p'' ). 
Similarly, there is a graded isomorphism, natural in F and T^^ : 

Ext*(r'^W,FW) ~Hom(r^(^^®/),F) , 

which is compatible with products and twisting maps. 

Proof. The duality isomorphism Ext*(-F, G) ~ Ext*(G'',-F^) commutes with 
products and with precomposition by Frobenius twists, so it is sufficient 
to prove the first part of the theorem (the existence of suitable 0{F, S'^,r), 
satisfying (1) and (2)). 

To be concise, we let E(F,G) := Ext*(FW,GW) and M{F,G) := 
Hom(F, G(£'r(8)/)) in this proof. By corollary[121 the functors F ^ E(F, S^) 
and G i— )• E(r''*, G) are exact. By projectivity of r^{Er <8) /) and by injectiv- 
ity of St'iEr (g) /), the functors F ^ M{F,S'') and G ^ H(r^,G) are also 
exact. The proof is a formal consequence of this and proposition 15.41 

Indeed, by proposition 15.41 we already have maps 9{®)'^,®'^,r). But S*^ 
admits a presentation Tf -^ T^ -^ S^' with Tg^ = ®'^ and Tf = 0^ge '^'^ 
and the map T^ — ?> Tq equals X^(Id — r) (the sum is taken over the elements 
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of the Young subgroup ©^). Moreover, by projectivity of (g)'^, any map 
f : S^^ ^ S^ lifts to a map of presentations. By exactness of G !-)■ E((K)'^, G) 
and G i-)- M{®'^, G), the presentation T-j" -^ Tq ^* S^^ induces presentations 
of E((8)'^, 5''^) and IHI(®'^, S''^), which in turn define maps 6{®'^,Sf^,r), natural 
in (Si^,S^. Dually, the r"** have (injective) copresentations by tensor powers, 
and any functor F has a presentation Pi ^ Pq ^^ F hy direct sums of 
T^. So using these presentations and exactness of -F i-> ]E(F, S^^) and F i-^ 
M{F,S^) we define similarly maps 9{F,S^,r), natural in F,S^. The maps 
^(r"*^, S^, r) and 6{F, S^, r) are characterized as the unique maps fitting into 
the commutative squares: 

E(0«', O'^) ^ m{0<^, 0'^) E(F, 5^^) ^ M(F, 5/^) 



e(r^,5'',r) 



e(Po,S^',r) 



E(r\ Sn ' ^ M(r\ S'^) IE(^o, S'') ^ ' '^ ]HI(Po, 5^) . 

(One easily checks that 9{F, S^,r) does not depend on the choice of Pq). 

It remains to check compatibility with cup products and twisting maps. 
But using the naturality of cup products (resp. twisting maps) and the two 
commutative squares above, one can reduce the compatibility for general 
6{F, S'^, r) to the compatibility for OiT'^, S^, r), which in turn reduces to the 
compatibility for 6{(^ ,0 ,r). The latter holds by proposition 15.41 D 



Remark 5.7. We don't know if the isomorphisms of theorems 14.61 and I 
are equal in general. Looking at the proof of theorem 15.61 one sees that they 
coincide if and only if they coincide for the special case F = S^ = 0"^. 

In this special case, the isomorphism of theorem 14.61 is built by using 
the injective coresolution T{(S)'^,r)*, while the isomorphism of theorem of 
15.61 uses (T(I, r)*)®'^. These two injective coresolutions are not equal in 
general (if p 7^ 2 of if c? > 2, they do not coincide as graded objects). But 
in both cases, the coresolution contains the graded object {E^ (8) S^'^)^'^. 
And the isomorphisms of theorems 14.61 and 15.61 follow in both cases from 
the fact that the complex obtained after applying Hom((S)^^\ — ) to the 
coresolution equals the graded vector space Hom((8)'^(^'-', {Er (8) S^'^)^'^), with 
zero differential. So, to prove that the isomorphisms of theorems 14.61 and 
15.61 are equal, we have to find a homotopy equivalence h* : T{^'^,r)* — ?■ 
(T(/,r)*)®'^ whose restriction to {Er (g) 5^ )®'^ is the identity. 

If r = 1, S(i_...^i)(l)* ~ (Si(l)*)®'^ by [El Prop 3.2.1], so [HI Prop 2.4] 
yields such a homotopy equivalence. Hence the isomorphisms of theorems 
14.61 and 15.61 coincide for r = 1. 

If r > 1, i3(x^ ^i)(r)* and (i?i(r)*)®°' are equal as graded objects, but 
they don't bear the same differential, so we cannot conclude the equality 
of the isomorphisms by the previous method, and the question wether the 
isomorphisms of theorems 14.61 and 15.61 coincide is open. 

5.3. Applications to algebra and Hopf algebra structures. Let U be 

a finite dimensional k-vector space. Recall that V^'^ denotes the functor 
V 1-^ r'^(IIomk(f7, y)). Let Fi, i = 1,2, be strict polynomial functors, and 
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let di,d2 be nonnegative integers. We define a niorphisni: 



Ext*(prfi+d2,C/(r)^(^^^^2)( 



where A^^^^^ : r'^i+'^2'^ ^ T^i'^ (g) T'^^.c/ ^g ^^e evaluation of tlie comulti- 

plication ^di,d2 • F'^^^'^^ — )■ F'^^ (>>> T'^^ of the divided power algebra on the 
functor Homk(C/, — ). The following statement provides an extra compatibil- 
ity property for Chalupnik's formula [Cll Cor 5.1]. 

Corollary 5.8. Let F be a homogeneous strict polynomial functor of degree 
d. There are isomorphisms, natural in F, U : 

Ext*(r'^'^(^\F)~F(C/^F^). 

Moreover, if Fi, i = 1,2 are homogeneous strict polynomial functors of re- 
spective degree di, these isomorphisms fit into commutative diagrams: 

(S)Li Ext*(r'^-^ W, Fi) ^ Fi{U Er) O F2{U F^) 

In particular, the vertical arrow on the left is an isomorphism. 
Proof. By theorem 15.61 ci (8) C2 i-> (A^ ^ )*(ci U C2) identifies with the map 
(g)-^iHom(r'^-^(F^®/),F,) ^ Rom{r'^^+'^'^'^{Er0l),Fi(^F2) (*) 

/l ® /2 ^ (/l ® /2) o A'^^ _^^ {Er ® /) . 

For ah F, the graded Yoneda isomorphism Hom(r'^((y*)^ (g)/), F) ~ F(y*) 
of lemma [^.101 is nothing but evaluation on Id^, G {V*)"^ ®V*. So the map 
(*) identifies through Yoneda isomorphisms with the identity map Fi{U (g 

F^)0F2(C/(gF^) = (Fi«)F2)(C/«)F^). D 

Let {A^)j(zfq be a family of strict polynomial functors, and assume that 
A* is endowed with a graded algebra structure (i.e. we have maps of strict 
polynomial functors A (g A — > A ~^ and k ^ A^ which satisfy the axioms 
of an algebra). In such a situation, the following holds 

(1) Each A^ splits as a finite direct sum of homogeneous functors of 
degree d: A^ = 0(i>o ^^j so that the graded functor A* = 0^ ■ A^ 
is actually automatically bigraded. Homogeneity in Vk (FSt Prop. 
2.6] implies that A* is a bigraded algebra. 

(2) The extension groups 0^ ^ • Ext' (F'^'^^^-*,^-' *■'')) are equipped with 
a trigraded algebra structure with unit k = Ext''(Ik(''),lk('")) ^■ 
Ext (lk(''',j4^(^'') and with multiplication defined as the composite 
(the first map is the map ci (g C2 i-7> (A^ ^ )*(ci U C2) from corollary 

15.81 the second one is induced by the multiplication of A*) 

0^^lExt^^(F'^*'^M,AJfe W) ^ Ext^l+*2(F'^l+'^2,C/{r)^^ii{r) ^^J2{r)^) 

— > Ext*^"'"*^(F'^i+'^2''^^^'* ^il+i2{r')^ 
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The following result is straightforward from corollary [5? 

Corollary 5.9. Let A* be a family of strict polynomial functors endowed 
with a graded algebra structure. Let U he a finite dimensional vector space. 
There is an isomorphism of trigraded algebras: 

i,d,j i,d,j 

Here, A^ denotes the homogeneous degree d part of A^ , and the degree i on 
the right handside corresponds to the degree which arises when we evaluate 
the functor A-'^ on the graded vector space U ® E^ (U placed in degree Q). 

Similarly, if C* is a family of strict polynomial functors endowed with the 
structure of a graded coalgebra, then 0^ ^ ■ Ext* (F'''^ ^'^> , C^ ^^' ) is endowed 
with the structure of a trigraded coalgebra, whose comultiplication equals 
the composite (the isomorphism is inverse to the one given by corollarv lS.Sp : 



Ext* {V^^^ (") , a ('^) ) ^ © ,, + ,, = , Ext* {V^^^ (") , C^l ^"^ ® C; 



di + d2 



d2 



31 + J2 = j 

di + d2 = d 

And we similarly obtain a trigraded coalgebra isomorphism: 

0Ext*(r'^'^w,c^'W) ~0c^([/0^,) . 

i,d,j i,d,j 

Now we want to combine the two previous structures, that is, we consider a 
family H* of strict polynomial functors endowed with a graded Hopf algebra 
structure without antipode (The case with antipode works similarly and we 
leave the slight modifications to the interested reader). 

There is a trap here: ©^ ^ ■ Ext*(r'^'^ (*'' , H^ ('"') is a trigraded algebra and 
a trigraded coalgebra, but not a trigraded Hopf algebra in general. There 
is a sign problem with the partial grading corresponding to the letter 'd' 
when one wants to check the compatibility axiom between the multiplication 
and the comultiplication. This problem can be fixed in two ways. Either 
double the gradations, that is consider F'^'^^*') in degree 2d, or forget the 
d-grading, that is consider the bigraded algebra structure. We choose this 
latter solution. 

It is easy to check from our definitions that the coalgebra and the algebra 
structure of 0^ ^ • Ext^ {V^'^ ^'^\ H^ ^'^^) satisfy the axioms of a (i, j)-bigraded 
Hopf algebra (without antipode) (this is also proved when H is a 'Hopf 
exponential functor' in |FFSS1 Lemma 1.11] and in general in |T21 Thm 
5.16]). Then, from our description of algebra and coalgebra structures we 
get the following result (which generalizes |FFSS1 Thm 5.8 (1,2,5)]). 

Corollary 5.10. Let H* be a family of strict polynomial functors endowed 
with the structure of a graded Hopf algebra. There is an a isomorphism of 
{i,j) -bigraded Hopf algebras: 

Ext^F-^'^ (*■) , H^ ('■^) :^ H^ {U ® Er) . 
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Here, the degree i on the right handside corresponds to the degree which 
arises when we evaluate the functor H^ on the graded vector space U ® Er 
(with U placed in degree 0). 

Example 5.11. Consider the graded Hopf algebra H* defined for all j > 
by i72i+i := and H^^ := S^S^). Then, as a (i, j)-bigraded Hopf algebra, 
0^ ^ • Ext* (r*^ (^-^ , S^ {S"^ ('"•* ) ) is a symmetric Hopf algebra on generators a^ , f3j 
and jk/, where < i < p^ , < j < p^ and < A; < ^ < p^ , placed in 
respective bidegrees (4i,2), (4j, 2) and {2{k + i),2). 

6. The semi-stable range 
If F and G are strict polynomial functors of degree d, the evaluation map: 

ev„ : Ext^jF,G) ^ Ext^ijF(k"), G(k")) 

is an isomorphism if n > d [FSl Cor 3.13]. We call such values of n the 
'stable range' (relative to F, G). In general, if n is not in the stable range 
(i.e. n < d), the evaluation map may very well not be an isomorphism, as 
the following example shows it. 

Example 6.1. Letp = 2,d = 2, and let F = /(i) and G = T^. Then 

Ext^^(/(^\r2) = k if i = 2, and otherwise. 

On the other hand, if we evaluate on k then k'^' = r2(k) is the one dimen- 
sional GLi = Gm representation of weight 2, so that we have: 

Ext^i^(k«,r2(k)) = HomGLi(k«,r2(k)) =k. 

So the evaluation map ev„ is neither injective, nor surjective. 

Proof. To compute Ext^^{l'-^\r'^), we know that Ext|,^(/(i),/(i)) = Ei (by 
corollarv 14. 8 p and that Extp^{I^'^' , S"^) equals k, concentrated in degree 
(by duality [FS, Prop 2.6] and by the Yoneda lemma [FSl Thm 2.10]). Then 
we use the short exact sequences F^' M- /S^ ^» A^ and A^ "^t- F^ ^> F^' . D 

Unfortunately, the stable range is not always sufficient for applications to 
the rational cohomology of GL„. For example, we have computed in corol- 
larv l5.9l the Ext-algebras Ext^ [T*'^ ,A*). One can wonder if the evaluation 
map 

Ext^jr*'^W,^*W) ^^Ext^^jF*'^(k"W),^*(k"W)) (•) 

is an isomorphism for some values of n. This is not the case in general. For 
example, take the case of C/ = k and A* = S* , then Friedlander and Suslin's 
result [FS:, Cor 3.13] shows that ev„ is an isomorphism in tridegrees {i,j,k) 
with j, k < n/p^ . But for higher tridegrees, we are out of the stable range, 
so we don't know that ev„ is an isomorphism in these degrees. 

The purpose of this section is to improve Friedlander and Suslin's range 
of values of n for which the evaluation map ev^ is an isomorphism. We call 
the values of n such that n < d (i.e. out of Friedlander and Suslin's stable 
range) but for which ev„ : Ext^jF,G) -^ Ext^i^(F(k"), G(k")) is stih an 
isomorphism 'the semi-stable range' (relative to F,G). 

The section is organized as follows. In section [6Tl we review some material 
from |FS1 Section 3] . In section 16. 2| we give conditions on F and G so that 
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the semi-stable range relative to F, G is not trivial. With the help of Troesch 
complexes, we prove that these conditions are satisfied for F = r^y^) (This 
is proposition l6.1lT i)). In particular, the evaluation map (*) above is an 
isomorphism for n > p'' dim U. In section 16.31 we use this fact to prove in 
theorem 16.151 a cohomological version of the First Fundamental Theorem 
(FFT) and Second Fundamental Theorem (SFT) for GL„, for n big enough. 
In question 16. 161 we give a conjecture for small values of n (see also remark 

Em. 

6.1. Review of section 3 of |FS) . We keep the notations of [FS], so 
S{n,d) = r'^(Homk(Ik",Ik")) is the Schur algebra and (Pol)n,d is the fuh 
subcategory of the category of rational GL„-modules consisting of homoge- 
neous polynomial modules of degree d, which are finite dimensional. Using 
the adjunction isomorphism: 

Homk(r'^(Homk(k",k")) oy,y) ~ Homk(y, 5'^(Homfc(k",k")^) O F) 

one sees that being a left S{n, (i)-module is equivalent to being a 
S"^(Homii5;(k",k")'^)-comodule, that is, a homogeneous polynomial GLn- 
module of degree d. Whence an equivalence (it is even an isomorphism) 
of categories (for all n > and all d > 0): 

Mod{5(n,d)}~(Pol)„,rf (1) 

(By definition, the modules of M.od{S{n,d)} are finite dimensional). By 
\FS\ Cor 3.12.1] one knows that (again for all n > and all d > 0) the 
embedding of categories 

(Pol)n,d ^^ rational GL„-modules (2) 

induces an isomorphism on Ext-groups. If F G 'Pt,d is homogeneous of 
degree d, then for all F, PF € Vt we have a homogeneous polynomial map 
of degree d: }ionik{V,W) -^ }ionik{F {V) , F (W)) , or equivalently a k-linear 
map T'^(ilomtiV,W)) -^ RomtiF {V) , F (W)) . If we take y = ly = k", this 
k-linear map provides a S{n,d)-inodule structure on F(k"'), so we have an 
evaluation functor (for all n > and all d >0): 

Vt,d -^ Mod{5(n, d)} , F^ F(k") (3) 

Finally, the evaluation functor V^^d ~^ rational GL„-modules, F i-^ F(k"') 
equals the composite of the functors (1), (2) and (3): 

Vk,d — > Mod{S{n,d)} ~ (Pol)n,d ^^ rational GL„-modules . 

We sum up the situation in the following proposition. 

Proposition 6.2. For all n > and all d > 0, the map ev„ induced by 
evaluation on the standard representation of GLn : 

BYn ■■ Ext;,^_^(F,G) ^ Ext^^^(F(k"),G(k")) 

decomposes as: 

Ext^^jF,G) ->ExtJ(„^,)(F(k"),G(k")) ^Ext^^jF(k"),G(k")) . 
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Friedlander and Suslin prove IFSj Thm 3.2] that if n > d, the evaluation 

(3) 

functor Vk^d — > Mod{S{n,d)} is an equivalence of categories, but we are 
interested in the general case, where this is no longer true. We shall prove 
below that the evaluation functor induces an isomorphism on the level of 
Ext-groups when F (or G) admit special projective resolutions (or injective 
coresolutions). We call such functors 'n-resolved' and 'n-coresolved'. 

6.2. n-resolved functors. The notion of n-resolved functors is a natural 
generalization of n-generated functors, defined in [FS]. So we first recall the 
definition of n-generated functors from jFS] . 



Definition 6.3 ([FSl Thm 2.10]). Let F € Vk,d and let n be a positive 
integer. Recall the map Op : F'^'" (g) F(Ik") — > F defined for all V £Vk by: 

F'^(Homk(k", V)) (g) F(k") ^ F{V) , / (g) x ^ F{f){x) . 

We call F n-generated if 9p is an epimorphism. 

Example 6.4. F'^'" itself is n-generated. 

Lemma 6.5 (Properties of n-generation) . 

(i) A functor F is n-generated if and only if there is a n-generated 
projective P and an epimorphism P ^^ F. 

In particular, a direct summand or a quotient of a n-generated 
functor is again n-generated. 
(ii) If F is n-generated then F is {n+ l)-generated. 
(iii) If F has degree d then F is d-generated. 

(iv) If Fi , i = 1,2 is ni- generated then Fi (g F2 is (ni + n2)- generated. 
(v) // F is n-generated and i is a positive integer, then F{k.^ (g I) is 

n£-generated. 
(vi) If F is n-generated then F^^> is n-generated 

Proof. For (i), the 'only if part is the definition, for the 'if part, use the 
commutative diagram: 



~'d,n 



p 



P(k") — ^^ P 



F'^'" ® F(k") — ^ F . 

For (ii) use that F'^'" is a quotient of the (n + l)-generated functor T"''""'"^. 
(hi) is just [FSl Prop 2.9]. For (iv), use that F*^!-"! (g F"'2,n2 jg ^ quotient of 
-pdi+d2,ni+n2 ]-,y ^j^g exponential formula. For (v), use that F'^'"(k^ (g /) ~ 
-pd,?i£_ Finally, (vi) follows from the epimorphism T'^p'^'" -^ r'i."-(^). □ 

The following lemma is the key result for our applications. 

Lemma 6.6. Let P he a n-generated projective ofV\^d- 
(i) P(k") is projective in the category Mod{5'(n, d)} 
(ii) For all G € Vk,d the evaluation map induces an isomorphism 

RomrdP,G) ^ Hom5(„,,)(P(k"),G(k")) . 
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Proof. Since n-generated projectives are direct summands of finite direct 
sums of r*^'", it suffices to prove the lemma for P = T'^'". Then (i) is trivial 
since r'^'"(lk") = S{n,d), and (ii) follows from the commutative diagram: 

Hompjr'^'", G) Homc,(„,^)(r'^'"(k"), G(k")) 



G(Ik") = ^ G(k") 

where the vertical isomorphism on the left is the Yoneda lemma (which is 
nothing but evaluation on Id®„ € F '"'(Ik"')), and the vertical isomorphism 
on the right is evaluation on Id^„ which is the unit of r'^'"(k") = S{n, d). D 

Now we briefly recall the dual notion of n-cogenerated functors. Let 
gd,n _ ^-pd.n^tt i^e the standard injective. By duality, the map Opi : F*^'" (g) 
Ff(k") -^ F« yields a map 6'3,„ : F ^ S"^'" «> F{{k"Y). 

Definition 6.7. Let F € Vk,d- We call F n-cogenerated if F" is n-generated, 
or equivalently if the map 9^^ : F -^ S"*^'" (Si -F((k")^) is a monomorphism. 

By duality, one sees that 5''^'" is n-cogenerated. Also, lemma [631 dualizes 
easily. Now we have an analogue of lemma 16. 6t 

Lemma 6.8. Let J € V^^d denote a n-cogenerated injective. 
(i) J(k") is injective in the category Mod{5(n, d)} 
(ii) For all F € Vu^ the evaluation map induces an isomorphism 

Homp,(F, J) ^ Hom5(„,,)(F(k"), J(k")) . 

Proof. First, it is easy to prove that lemma 16.61 has an analogue in the 
category {5(n, d)}Mod of finite dimensional right 5(n, d)-modules. Now if 
M is a left S{n, (i)-module, it dual M^ is naturally a right S{n, d)-module, 
and we have a commutative diagram, natural in F, G: 

Homp,(F, G) ^ Homp,(G», F«) 



HomMod{5(n,d)}(i"(k"), G(k")) ^^ Hom|5(,,,)}Mod(G'(k")\ F(k")^) 

where the vertical arrow on the right is evaluation on the right S{n, d)- 
module k"^. So lemma 16.81 is simply a translation of the right-S'(n, d)- 
module analogue of lemma I6.6i D 

Definition 6.9. Let F € Vk,d and let n be a positive integer. We say that 
F is n-resolved if F admits a resolution by n-generated projectives. We say 
that F is n-coresolved if F admits a coresolution by n-cogenerated injectives 
(or equivalently if F" is n-resolved) . 

The interest of n-(co)resolved functors lies in the following theorem, which 
is an immediate consequence of lemmas 16.61 and 16.81 

Theorem 6.10. Let F,G € Vu,d, and let n he an integer such that F is n- 
resolved, or G is n-coresolved. Then the evaluation map is an isomorphism: 

Ext^^(F,G) ^Ext^ijF(k"),G(k")) . 
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Proof. Since the evaluation map decomposes as 

Ext^^^^(F,G) ^ ExtJ(„,,)(F(k"),G(k")) ^ Ext^ijF(k"), G(k")) , 

it suffices to prove that the first map is an isomorphism. Assume that F 
is n-resolved. Let P* be a resolution of F by n-generated projectives. By 
lemma [GTHr n. the evaluation map Ext|,^(F,G) -^ Ext^(„^^)(F(k"), G(k")) 
is obtained by taking the homology of the chain map: Hom-p^(P*,G) — )• 
Hom5'(„,^')(P*(k'^), G(k")). This latter map is an isomorphism by lemma 
ii) and we are done. The proof for G n-coresolved is similar. D 



To make an effective use of theorem \6.W\ one needs ways of building 
n-resolved functors. Here come Troesch complexes into play. 
Proposition 6.11 (Examples of n-resolved functors). 

(i) For all r > and all d > 0, F^^^ is p^ -resolved. 

(ii) // F has degree d then F is d-resolved. 

(iii) If Fi, i = 1,2 is Hi resolved then Fi (8) F2 is (ni + n2) -resolved. 
(iv) If F is n-resolved then F is {n -\- l)-resolved. 

(v) // F is n-resolved and if £ is a positive integer, then F(k. (Si I) is 
ni-resolved. 

Proof. For (i), Troesch complexes provide injective coresolutions of S*^*"^ by 
injectives which are direct summands of Sp'^'^{M''^ 0l), hence p^-cogenerated. 
Thus S^"^' is p^-coresolved, or equivalently F '''^ is p'"-resolved. The rest 
follows from lemma [63] by taking projective resolutions. D 

Remark 6.12. In lemma [631 we proved that F^"^' is n-generated if F is 
n-generated. This is not the case for n-resolution. For example the identity 
functor I = F^ is 1-resolved, but example 16.11 and theorem 16.101 show that 
I^^' is not 1-resolved. 

6.3. Tow^ards a cohomological FFT and SFT for GLn. Observe that in 
proposition 16. lll fi) the integer n such that F^*"^ is n-resolved only depends 
on r, and not on d. So from theorem 16.101 and section [5] we obtain new 
rational cohomology computations. For example corollarv 15.91 vields: 

Corollary 6.13. Let A* be a family of strict polynomial functors, endowed 
with an algebra structure. For all j > 0, denote by A-'^ the homogeneous 
degree d part of A^ . Let U be a finite dimensional vector space with trivial 
GLn action, let k"- be the standard representation of GL^, and assume n > 
p^ d\ra.U . Then we have a trigraded algebra isomorphism 

0ExtbLjF'^(Homk(t/,k"W)),^^-(k"M)) ^ ^A^^{U ® E^) , 

i,d,j i,<i,j 

Similarly, if C* is endowed with a coalgebra structure, we have a trigraded 
algebra isomorphism 

0Ext^i„(C^-(k"M),5'^([/®k"M)):^0C;j«([/®i5;,). 

i,d,j i,d,j 

FFT and SFT for GL„. Now we turn to classical invariant theory. Let 
us recall from [DCPj the First and Second Fundamental Theorems for GL^. 
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Let k, i be positive integers, let r be a nonnegative integer and let l^ := Ik" ^^' 
be the r-th twist of the standard representation of GL„. 

We define the contractions {i\j) G S'^{V^®'' V®^), for 1 < i < A;, 
1 < j < £ in the following way. Let cq G V^ (g) K C S'^{V^ K) denote 
the Trace (up to a scalar multiplication, it is the unique GL„-invariant in 
V^ (8" Vr and in S'^{V^ Vr)). Let i;^jj be the GL„-equivariant map: 

(/,x) ^ (0,...,0,/,0,...,0),(0,...,0,x,0,...,0) . 

V V 

/ in i-th position x in j'-th position 

Then the contraction {i\j) is defined by (i|j) := S'^(0jj)(co). 

Remark 6.14. The name 'contraction' comes from the fact that {i\j) may 
be equivalently defined as the homogeneous degree two polynomial (beware 
the duality): 

{xi,...,Xk,fl,...,h) ^ fj{Xi) . 

The {i\j) live in the invariant algebra i?°(GL„, 5'*(y/®^ © V®^)). The 
First Fundamental Theorem [DUPt Thm 3.1] asserts that the (i|j), 1 < i < 
k, 1 < j < i, actually generate this invariant algebra for r = 0, hence for 
all r > since Frobenius twists do not modify the invariants. The Second 
Fundamental Theorem |DCP1 Thm 3.4] gives a minimal set of relations 
between the (i|j) (these relations are given in terms of determinant formulas. 
In particular, if n > nim{k,i}, there are no relations between the {i\j))- 

Cohomological EFT and SFT. Now we are interested not only in the 
invariant algebra but more generally in the whole cohomology algebra 

//*(GL„,5*(F/®*=0y®^)). 

To describe this algebra, we introduce 'higher contractions' {h\i\j), < 
h < p^ , 1 < i < k, 1 < j < i in the following way. First, by the exponential 
formula, one decomposes the representation S'^{V^ Vr) as the direct sum: 

52(y/ © Vr) = 52(y/) © S'^iVr) y/ Vr . 

For weight reasons, the first two summands do not contribute to the GLn- 
cohomolog}lj, so the inclusion V^ ^Vr^^ S'^{V^ Vr) induces an isomor- 
phism in cohomology. By [Jl I Chap 4, Lm 4.4] there is an isomorphism 

H*{GLn,V^ Vr) ^ ExiQi^^{Vr,Vr). As a consequence, using the evalu- 
ation map Er — Extp (/'•'''•', /'•''"•') — )• F:X.tQ^^(Vr,Vr), one finally obtains a 
graded map (which is an isomorphism if n > p^): 

Er -^ H*{GLr„ S\Vr^ © Vr)) . 



Since the homotheties of GL„ is a normal group-subscheme of GLn, each rational 
Gl/n-module A/ splits as the direct sum of the GLn-submodules Md of weight d, d £ "L 
(Md consists of the vectors m of M which are acted on by the homotheties via the formula 
Aid • m — A'^m). So the category of rational GI/,i-modules splits as a direct sum of its 
full subcategories Ratj whose objects are the rational GLn-modules of weight d. Since 
the trivial representation k has weight 0, the functor HomGL„(k, — ) is zero on Ratd, for 
d 7^ 0. So its derived functors (i.e. H*{GLn, — )) vanish on Ratd for d ^ 0. 
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Recall that Er is the graded vector space concentrated in degrees 2h for 

< h < p"^ and which equals k in these degrees. We denote by Ch the image 
in H'^^{GLm S'^{V^ © Vr)) of the canonical basis element of degree 2/i of Ej. 
(in particular, cq is the Trace used before). For < /i < p^ , 1 < « < A:, 

1 ^ J ^ ^) we define the higher contraction {h\i\j) by the formula: 

In particular the (0|i|j) are the usual contractions used in invariant theory. 

Theorem 6.15 (Partial Cohomological FFT and SFT). Let k,i be positive 
integers. Let r > and let Vr := k"^^' denote the r-th Frobenius twist of the 
standard representation ofGLn. Assume furthermore that n > p^' in.m{k,£}. 
Then: 

(1) The cohomology algebra H*{GLn, S*{V^®'' © V®^)) is generated by 
the contractions {h\i\j), for < h < p^' , l<i<k,l<j<i. 

(2) There are no relations between the {h\i\j). 

Proof We have to prove that H*(GLn,S*{V^®^ © K®^)) is a symmetric 
algebra on the generators {h\i\j). The exponential formula yields an iso- 
morphism of algebras (take the total degree on the right hand side) 

For weight reasons, the summands of the form S^iy^ )®S^{V® ) for s ^t 
do not contribute to the GL,i-cohomology. So [Jl I Chap 4, Lm 4.4] yields 
an isomorphism of bigraded algebras: 

H*{GLn,S*{V;f®^ © V®^)) = ®^H*{GLn,S<^{V:f®^) ® S'^{V®^)) 

^edExt^L„(r'^(K^®'),5'(^r))- 
Thanks to corollary I6.13t we know an isomorphism of bigraded algebras: 

e^Ext^^jr'^(T//®'=), ^'^(v;®^)) ^ 0, S\}^^ ^ k^ ^ Er) . 

The elements of k k © Er corresponds bijectively through these iso- 
morphisms with H*{GLn,S'^{Vr®^ © V®^)). Thus we have obtained that 
H*{GLn, S*{V^®'' © Vr®^)) is a bigraded commutative algebra freely gener- 
ated by its elements of bidegree (*, 2). 

Now, for weight reasons, the exponential formula shows that the map 

induces an isomorphism in cohomology. So the {h\i\j) form a basis of the 
vector space H*{GLn, 5^(F/®'' © V^®^)), whence the result. D 

Question 6.16 (Conjectural Cohomological FFT for GLn). We do not need 
any hypothesis on n to build the {h\i\j). The FFT asserts that the (0|i|j) 
always generate the invariant subalgebra H^ {GLn, S* {V^ ®^ © V®^)). This 
leads us to the following question: do the {h\i\j) generate the cohomology 
algebra H*{GLn, S*{V^®'' © V®^)) for all n > 1 ? 

Remark 6.17. Finding the relations between the {h\i\j) seems more deli- 
cate. The SFT gives us the relations between the (0|i|j). More generally, 
one could expect relations of the same kind between the {h\i\j). There must 
also be some relations of the type {h\i\j) = for specific values of h when 
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n is small, since some c^ vanish when we are not in the semistable range. 
We don't know if these two kinds of relations are sufficient to generate the 
relations between the {h\i\j) in general. 

7. The twisting spectral sequence 

The following theorem generalizes the idea used by Chalupnik to com- 
pute extension groups in [ClJ . It yields a spectral sequence which computes 
the extension groups Fixi* {F'^'^' , G^^') between twisted functors from exten- 
sion groups between untwisted functors. So we call it the 'twisting spectral 
sequence'. Its construction is a formal consequence of theorem 15.61 This 
spectral sequence is implicitly used in Chalupnik's proofs of [Cl, Thm 4.3 
and 4.4]. It also appears in [FP, Prop 4.2.2], but with a somewhat different 
identification of the second page (and without the compatibilities with cup 
products and twisting maps, which are very useful for applications). 

Theorem 7.1 (The twisting spectral sequence). Let r be a nonnegative 
integer and let F, G he strict polynomial functors. We consider (cf. section 
\^ G(Er (8) /) as a graded functor and we denote its grading by the letter 't '. 
There is a first quadrant cohomological spectral sequence, natural in F, G, 

E'/{F,G,r) = Ext^(F,G(E, 0/)) =^ Ext^+*(F('^), G^")) . 

Moreover, these spectral sequences enjoy the following additional structure: 

(i) // Fi,F2,Gi, G2 are strict polynomial functors, there is a pairing of 
spectral sequences (see e.g. [82, 3.9] for a definition): 

F*'*(Fi,Gi,r)®F*'*(F2,G2,r)^F*'*(Fi0F2,Gi®G2,r) . 

On the second page and on the abutment, this pairing coincides with 
the product of extensions (defined in section\^. 
(ii) There are maps of spectral sequences (natural in F, G and compatible 
with the pairing above): 

E*'*{F,G,r) ^E*'*{F,G,r + l) . 

These maps coincide with the split injections 'Ext*{F,G{Er ^ I)) ^^ 
Ext*(-F, G{Er+i ^I)) on the second page, and with the twisting maps 
Ext*(FW,GW) ^Ext*(F(''+i),G(''+i)) on the abutment. 

Remark 7.2. Assume that G*, resp A*, is a family of strict polyno- 
mial functors endowed with a graded coalgebra (resp. algebra) struc- 
ture. Then 0^ ■• Ext* (G*'-^'-',j4-' '-'')) is a trigraded algebra (whose multi- 
plication sends ci C2 to (m^ )*(A^ )*(ci U C2), where Ac, resp. ruA, 
denotes the comultiplication in G* , resp. multiplication in ^* ). Similarly, 
0^ J j j Ext^ {G^ , A^ {Er (8) /)) is a quadrigraded algebra (here t denotes the 
grading of the functors A^ (Er (81 /))• Using the pairing of theorem 17. ll fi) and 
naturality, one obtains a spectral sequence of quadrigraded algebras: 

^ E'/{G\A^,r)^ Ext*+*(C^('^),^^(")) . 

s,t,i,j s+t,i,j 



TROESCH COMPLEXES AND EXTENSIONS OF STRICT POLYNOMIAL FUNCTORSl 



Proof of theorem \7.1\ The twisting spectral sequence is just an hypercoho- 

mology spectral sequence, and we identify the second page by theorem 15.61 

Let us give the details. Let F,G G Vt- Let Jq be an injective cores- 

olution of G. So Jq is a coresolution of C'^^' and we denote by Jq^. a 
Cartan-Eilenberg coresolution of Jq . The totalization of J^*^ is an injec- 
tive coresolution of G^^', so that Ext*(F^''^, G^"^') equals the homology of the 
totalization of Hom(F(''\ Jcr)- '^^^ spectral sequence E{F, G, r) associated 
to this bicomplex (which computes the homology along the columns first, 
then along the rows, etc.) converges to Ext*(F(^\ G^^^). Tensor products 
induce pairings of bicomplexes 

Hom(F(^), 4^^ J Hom(FJ'-), 4f ,) ^ Hom((Fi F^)^, jg^ ) 

whence pairings of spectral sequences E{Fi,Gi,r) (g) E{F2,G2,r) — )- E{Fi (g) 
F2,Gi G2,r). Finally, the map E(F,G,r) — )• E{F,G,r + 1) comes from 
the composite: 

Now we identify the second page. The first page of E{F, G, r) (together 
with the first differential di : E{'\f,G) -^ E{'^^'\f,G)) equals the t- 
graded complex Ext*(-F''''), J^ ). By theorem 15.61 this complex is isomor- 
phic (in a t-graded way, and compatibly with cup products and Frobenius 
twist) to Hom(F, jQ{Er ® /)). But J^(£'r- ^ I) is injective in each degree, 
so JQ{Er I) is an injective t-graded coresolution of G{Er (8) /). Thus 
the second page identifies with Ext^(F, G(£'r <8) /)). Moreover the pair- 
ing of spectral sequences is given by cup products on the first pages of 
the form Ext*(F(''\ J^ ), so by tensor product after the identification of 
the first page with Hom(F, Jq{Ej. <8) /)), so by cup products on the second 
page. Finally, the map induced by precomposition by the Frobenius twist 
is given at the first page level by the split injection Hom(F, Jq^E^ (X> /)) '-^ 
Hom(F, J^(£'r+i (8) /)), whence its description at the second page level. D 

Of course, starting with a projective resolution of F in the proof, one 
obtains another first quadrant cohomological spectral sequence: 

E"/{F, G) = Ext'{F{Er (g) /), G) ^ Ext^+*(F("), G^")) . 

At first sight, the second page of E'{F, G, r) might seem quite different from 
the second page of E{F, G, r). But the following proposition shows it is not. 
Thus, we don't have any advantage in considering E' (and that's why we do 
not use it later). 

Proposition 7.3. Let F, G be strict polynomial functors. For all finite di- 
mensional graded k-vector space V, there is a bigraded isomorphism, natural 
in F, G, and V (recall that ' ^ ' denotes k-linear duality) 

Ext*(F(y (g) /), G) ~ Ext*(F, G{V^ ® /)) . 

Proof. It suffices to build an isomorphism natural in P, J and V 

Rom{P{V /), J) ~ Hom(P, J(y^ ® I)) , 
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when P = Pu = r'^(Homk(C/, -)) and J = Jw = S'='(Homk(VF, -)) (where 
U and W are finite dimensional Ik- vector spaces). The general result then 
follows by taking resolutions. Now, Pu{V ®I) = Pu^V^ aiid Jvy(F^ (g)/) = 
Jw®v 1 so the Yoneda lemma yields an isomorphism, natural in P[7, J^y, V: 

Hom(Pc/(y /), Jw) -Jw{U(8) V") = 

iPu)\V'' W"^) ~ Hom(P,7, JwiV"^ «) /)) . 

Whence the result. D 

Remark 7.4. In fact, with more work, one can show that not only the 
second page and the abutment of the two spectral sequences Ei{F, G, r) and 
E'^{F,G,r) are the same, but more generally there is a spectral sequence 
E'/{F,G,r) and maps of spectral sequences Ei{F,G,r) — )• E'l{F,G^r) and 
E[{F,G,r) — )• E'j'{F,G,r) which yield isomorphisms between the second 
pages (and so also between the i-th pages for i >2). 

The remainder of the section is devoted to applications of the twisting 
spectral sequence. 

7.1. Effect of precomposition by Frobenius twists. The twisting spec- 
tral sequence is a convenient way to study the twisting map 

Fri : Ext*(FW,G('^)) ^ Ext*(F('^+i), G(''+^)) , 

induced by precomposition by F^'. We already know that: 

(1) This map is injective, at least when k = ¥p. This is the 'twist injec- 
tivity'. It results from a theorem of Andersen [Jj, Part II, prop 10.14] 
which proves that for G reductive, the map induced by postcomposi- 
tion by Frobenius twists H*{G, V) -^ H*{G, V^^') is injective. Since 
k = Fp, we have [F^, proof of Thm 4.10] /(^^ o F ~ F o /(i), so this 
result for postcomposition by Frobenius twists is actually also valid 
for precomposition. 

(2) This map is an isomorphism in low degrees. This is the 'strong twist 
stability' of [FFSSl Cor 4.10], and for k = Fp it also results from 
jCPSVdKl Th (6.6)]. 

As a first application of the twisting spectral sequence, we get a slight 
improvement of the 'strong twist stability'. 

Corollary 7.5 (compare [FFSSl Cor 4.10]). Let F,G be strict polynomial 
functors, let j, r be nonnegative integers. The twisting map 

Ext^(FW,G(-''+^)) ^ Ext^(F(^+i),G(j'+^+i)) 

is an isomorphism for < s < 2p^~^^ , and is injective in degree s = 2p^^^ . 

Proof. The two graded vector spaces Ef and F^+i are equal in degrees 
t < 2p^~^^ (recall that —^^' acts as a homothety of coefficient p^ on the 
degrees). So the injective map G^^'{Er ® I) —> G^^'{Er+i (E> I) is an iso- 
morphism in degrees t < 2p''"^^ . In particular, the map of spectral se- 
quences E2 {F,G^^',r) — > £"2' {F,G^^',r -|- 1) is an isomorphism in total 
degree {s + t) < 2p''^K Now the result follows by induction (on the page 
number of the spectral sequence) from the following elementary result. Let 
/* : C* — )• D* be a morphism of cochain complexes, which is an isomorphism 
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in degrees k < i and is injective in degree i. Then H^{f) : H^{C) — )■ H^{D) 
is an isomorphism in degrees k < i and is injective in degree i. □ 

We don't know any proof in Vk of the 'twist injectivity' phenomenon. The 
following statement may be a step towards such a proof (see corollary 17.91 
and section [8] for many results on collapsing). 

Corollary 7.6. Let F, G be strict polynomial functors and letr > 0. Assume 
that the spectral sequence E{F, G,r + 1) collapses at the second page. Then 
E{F, G, r) also collapses at the second page and the twisting map is injective: 

Ext*(FW,GW) ^ Ext*(F(''-+i),G(''+i)) . 

Proof. We have an injection E^ {F,G,r) ^-> E2' {F,G,r + 1). Since 
E{F,G,r + 1) collapses at the second page, so does E{F,G,r) (it is a sub- 
spectral sequence) and we get an injection E^ (F, G, r) ^-> E^ {F, G, r + 1). 
So precomposition by the Frobenius twist induces a an injective map 
Gr(Ext*(FW,GW)) ^ Gr(Ext*(F(^+i), G^'^+i))) ('Gr' denotes the graded 
object coming from the filtration on the abutment), hence an injective map 
Ext*(FW,GW) ^ Ext*(F(^'+i),G(^+i)). D 

Finally, the twisting spectral sequence also gives information about 
numerical invariants associated to F,x.t*{F^^' ,G^^'). For example, corol- 
lary IT.Tf iil enables to control the growth of the total dimension of 
Ext*(F('^),G('^)) viewed as a function of r (by [ToJ and [FSl Th 2.10], we 
know that this total dimension is finite). 

Corollary 7.7. Let r be a positive integer and let F, G be strict polynomial 
functors. 

(i) The graded vector spaces Ext*(F('"), G^*")), Ext*(F, G{Er (g) I)) (with 
the total grading) and Ext*(i^, G(kP ^I)) have the same Euler char- 
acteristic. 
(ii) The total dimension of 'E'Kt*{F^^' ,G^^') is less or equal to the to- 
tal dimension of 'Ext*{F,G(kP ^ I)). Equality holds iff the twist- 
ing spectral sequence collapses at the second page (i.e. E2*{F,G) = 
EZ{F,G)). 

Proof. The graded functor G{Er ® I) is concentrated in even degrees since 
Er is. Moreover, Er = k^ as ungraded vector spaces, so Ext*(F, G(£'r. (8)/)) 
and 'Ext*{F,G(kP (8> /)) have the same Euler characteristic. Now if C is 
a complex, the Euler characteristic of C* equals the Euler characteristic of 
H*{C). Applying this to E**{F,G) we get (i). For (ii), observe that the 
total dimension of E**^^ {F, G) equals the total dimension of E** {F, G) minus 
twice the total rank of d** . El 

7.2. Detecting extensions between twisted functors. Consider the 
edge homomorphism 6{F, G, r) of the twisting spectral sequence: 

Ext*(F«, GW) ^ -E^*(F, G) C £;°'*(F, G) = Hom(F, G{Er ® I)) . 

Its target is easy to compute (this is invariant theory). So we want to use 
it as a way to detect extensions in Ext*(F(''\ G*-^)) (or even to compute 
these extension groups). To this purpose, we first state some elementary 
properties of the edge homomorphism. 



34 ANTOINE TOUZE 

Lemma 7.8. {i)IfF is arbitrary and G = S^, the edge homomorphism 

is an isomorphism. Furthermore, it coincides with the isomorphism 
of theorem \5.6\ (whence the notation 9{F, G, r)). 
(ii) The edge homomorphism is compatible with products: 

e{Fi (S) F2,Gi ® G2,r){ciU C2) = 9iFi,Gi,r){ci) ^ 9{F2,G2,r){c2) . 

(iii) The edge homomorphisms 9(F, G, r) and 9{F, G,r + 1) fit into a com- 
mutative diagram: 

Ext*(F(^), G^*-)) '^-^^§^ ^ Hom(F, G{Er CS> I)) 



Ext*(F(^'+i), G(^'+i)) ^^^'^""^^^^ Hom(F, G(E,+i /)) . 

Proof. For (i), remember the construction of the twisting spectral sequence. 
Since S^ is injective, we can take an injective bicomplex J** which is zero 
in bidegree (s, t) as soon as f > 0. Thus, before identifying the second page, 
the edge isomorphism is simply the identity map: 

Ext*(FW,5'^M) = /7,;(Hom(FM, J*0)) = ^o^(ij*^(Hom(F, J**)). 

Since we use the isomorphism 9{F,S^,r) to identify the second page, the 
edge homomorphism coincides with 9{F,S^,r) after identification. 

To prove (ii) and (iii), observe that these properties are already known 
when G = S^ (by (i)). Now G embeds in an injective J which is a finite 
direct sum of S^. And we have a commutative diagram: 

Ext*(F('-), G('-)) — iT^TT-^ Hom(F, G(F, ® I)) 

6{F,G,r) - 



Ext*(FM, jW) ,,^^^ , ^ Hom(F, J{Er /)) . 

0{F,J,r) 

Since the vertical arrow on the right is injective, one can read cup products 
as well as the effect of the Frobenius twist in Hom(F, J(Er I)) where we 
know (ii) and (iii) are valid. This proves (ii) and (iii). D 

Now assume that the twisting spectral sequence collapses at the second 
page. Then the edge homomorphism is surjective (so it detects many exten- 
sions) . 

Corollary 7.9. Let r be a positive integer and let F, G be strict polynomial 
functors. Assume that Ext*(F, G{Er ^ I)) = for s odd. Then the twisting 
spectral sequence collapses at the second page. So one has an isomorphism 
(compatible with cup products and Frobenius twisting). 

Gr(Ext^+*(FW,G("))) ~ E'^\F,G) ~ Ext^(F, G(E, O I)) . 

In particular the edge homomorphism is a surjection (compatible with cup 
products and Frobenius twisting): 

Ext*(FW, G(^)) ^ Ext°(F, G{Er /)) . 

Its kernel is isomorphic (non naturally in F, G) to Ext'* (F, G{Er (8) /)). 
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Proof. The graded functor G{Er (8> /) is concentrated in even degrees since 
Er is. Thus E2 {F, G, r) is zero unless s and t are even. So the second 
page is concentrated in even total degree. The differentials of the spectral 
sequence raise the total degree by one, so they must vanish. D 

Remark 7.10. Corollarv l7.9l is a generalization of the main theorem of [Cl| . 
Indeed, assume that the stronger Ext-condition holds: Ext*(F, G{Er^I)) = 
for s > 0. Then E2 {F, G, r) is concentrated in bidegrees (0, t) so the edge 
homomorphism is actually an isomorphism (compatible with cup products 
and Frobenius twisting), compare |CH Th 4.4]: 

Ext*(F(^), G^'')) ~ Hom(F, G(S,. <S) I)) . 

As examples of pairs of functors satisfying this strong Ext-condition, one 
can take: (i) -F is a projective functor and G is arbitrary, (ii) F is arbitrary 
and G is injective, (iii) F" and G are Schur functors (this case gives |CH 
Th 6.1]), or more generally (iv) F" and G have a Schur filtration (i.e. a 
filtration whose associated graded object is a direct sum of Schur functors). 
Many Ext* -computations between twisted functors known in the literature 
amount to one of these cases. 

As a pair satisfying the vanishing in odd degrees but not the strong Ext- 
condition, one can take for example F = V^^^") and G = F^' <S> S"^p~p. 

8. The collapsing conjecture 

As observed in remark lY. 10 1, many explicit computations in the literature 
amount to the collapsing of the twisting spectral sequence at the second 
page. In fact, when one looks carefully at the results of (FSl IFFS^ ICH [C2] . 
it seems that the total dimension of Ext* {F^^' , G^^') always equals the total 
dimension of Ext*(-F, G(kP I))- Thus (cf. corollarv I7.7( ii)). it seems 
that the twisting spectral sequence always collapses at the second page, 
even when there is no obvious lacunary reason for it. This leads us to the 
following conjecture. 

Conjecture 8.1. For all r >0, and all F,G, the twisting spectral sequence 
E{F, G, r) of theoreni\7.1\ collapses at the second page. 



Remark 8.2. One can reduce conjecture 18.11 to slightly less general state- 
ment. For example, by induction, one can reduce the conjecture to the case 
r = 1. We also know that the collapsing of E{F,G,r + 1) implies the col- 
lapsing of E{F, G, r) by corollarv 17.61 So, to prove the conjecture, it suffices 
to find for each pair F, G an integer r such that E{F, G, r) collapses at the 
second page. 

The purpose of this section is to make a step towards conjecture 18.11 
Namely, we prove that the spectral sequence E{F, G, r) collapses at the 
second page for all r > 1 for a big family of pairs {F, G) , which contains all 
the pairs studied in \FS\ IFFSSj ICH IC2j . and many others. This collapsing 
is stated in theorem 18.111 which is the main result of the section. 

Our general approach to conjecture 18.11 and to theorem 18.111 is based 
once again on Troesch complexes, and may be described as follows. Re- 
call the way we constructed the twisting spectral sequence E{F,G,r). We 
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first took an injective coresolution Jq of G. So Jq is a exact coresolu- 
tion of G*-^' by twisted symmetric powers. The twisting spectral sequence 
E{F, G, r) is constructed as the spectral sequence associated to the bicom- 
plex Hom(F(^-', Jq\), where J^'* is a Cartan-Eilenberg injective coresolution 

of Jq . The idea to prove our collapsing result is to construct a bicomplex 
J^'*, whose columns are Troesch coresolutions (i.e. of the form T{S^,r)*). 

Indeed, we have seen in lemma B7^ that the complexes Hom(F'''',r(S'^,r)) 
are zero in odd degrees. So, with such a bicomplex J^'* in hand, the odd de- 
gree rows of the bicomplex ]ioui{F^'^' , "^Gr) ^^^ zero, so that the differentials 
di of the associated spectral sequence are zero for i > 2. 

To construct such a bicomplex, we want to apply a functor ^T{—,ry to the 
coresolution Jq- We have already defined the values of T(—,r) on symmet- 
ric powers in definition 14.21 But it is not clear how to define in a functorial 
way the values of T{—,r) on morphisms between symmetric powers. To by- 
pass this difficulty, we introduce in section 18.11 'twist compatible categories' 
TrVtji which extend to the case of arbitrary r the twist compatible categories 
already used in [Tl] for r = 1. These categories are (not full) subcategories 
of Vk containing symmetric powers. Since TrVk has less morphisms than V^, 
it is easier to make T{—,r) into a functor on this category (cf. proposition 
18. 6p . In section [821 we use the functor T{—,r) to fulfill our plans. Namely, 
if G has a 'twist compatible coresolution' (i.e. an injective coresolution of 
G whose differentials are morphisms of the twist compatible category) , our 
idea works by taking J^'* = T{jQ,r)*. This proves theorem 18. IH and we 
observe in proposition 18.101 that many interesting functors admit such twist 
compatible coresolutions. Finally, we study in section 18.31 to what extent 
our approach could be used to prove conjecture 18.11 for all pairs (F, G). In 
particular, we propose an elementary combinatorial problem whose solution 
would prove the conjecture. 

8.1. Tavist compatible categories. In this section, we choose a functorial 
construction of the direct sum in Vk- (for example, F(BG equals the functor 
which sends a vector space V to the set of couples {f,g), with / G F{V) 
and g G G{V)). 

Definition 8.3 (compare [Tl', Def. 3.4]). Let r be a positive integer, let 
(A*) and (yU-^) be two finite families of tuples of nonnegative integers, and 
let / G IIom(0j S^\ • S^^^). We say that / is r-twist compatible if there 
exists a map fr such that the following diagram commutes: 

0,, S'' {SP' ) ^^""'^^ ^ 0, 5^^ {S^^ ) 



0. gp^y 1 ^ 0^. sp>' 

where the vertical epimorphisms are induced by multiplications £'"(5'^ ) -^ 
gnp ^j|. ^g ^YiQ unique map in Hom(S'"'(S'^ ), 5"^ ) up to a scalar constant). 
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Remark 8.4. In general, not all isomorphisms ®j >S''^'(5'^'^) ~ QiS"^' {S^' ) 
are r-twist compatible. That's why it is important to choose a strict defini- 
tion of the direct sum : with a definition 'up to isomorphism', definition 18.31 
would be inconsistent. 

If fr exists, it is unique by surjectivity of the vertical arrows. Observe 
that r-twist compatible maps form a subvector space of the k vector space 
Hom(0^ 5''^', ■ 5'^''), and that the composite of two r-twist compatible 
maps is r-twist compatible. Examples of r-twist compatible maps are the 
multiplications S* (8> 5-^ — >■ S^^^ or the permutations S^ <Si S^ ~ S-' (8) S**. So, 
the category TrVk whose objects are the finite direct sums of S^ and whose 
maps are r-twist compatible is a k- linear subcategory of Vk, stable by direct 
sums. 

For combinatorial reasons, we would like our category to be stable not 
only by direct sums but also by tensor products. So we have to enlarge it a 
bit. To this purpose we introduce 'iterated symmetric tensors'. A 0-iterated 
symmetric tensor is just a functor of the form S^. For n > 1, an n- iterated 
symmetric tensor is a functor F of the form F := ^^^^i ©j=i Sij where 
Sij is an (n — l)-iterated symmetric tensor. If F is an n-iterated symmetric 
tensor, distributivity of tensor products with respect to direct sums yields 
a canonical isomorphism S,f '■ F c^ Fq where Fq is a direct sum of 0-iterated 
symmetric tensors. 

Definition 8.5. The r-th twist compatible category TrVk is the (not full) 
subcategory of Vk whose objects are iterated symmetric tensors and whose 
morphisms are the f : F ^- G such that /o := £,g ° f ° ^p are r-twist 
compatible. 

One checks as in [Tl^ Lm 3.10] that TrVk is stable by direct sums and 
tensor products. Moreover, we have a functor (actually an equivalence of 
categories), which enables us to extend any functor with source TrVk into a 
functor with source %Vk'- 



TrVk 


— ^ 


TrVk 


F 


1-^ 


Fo 


^Ag 


1-^ 


Fa^( 



Go 

The interest of T^Pk (or T^Pk) lies in the following observation. Let 
/ G Hom(0^ S''^', © ■ S'^^ ) be an r-twist compatible map. Since f^^' is just 

the restriction of /(5^' ) to the subfunctor 0^ S^^ ^^', we have a commutative 
diagram (the vertical arrows are the canonical inclusions): 



^,gp^y 1 .0 QP' 



Thus fr determines way to choose a lifting of f^^' to 0^ 5^'^'^' -^ • S^^^^^ , 

in a way which respects composition (there are often many liftings of f'^'^' 
available, so making a 'good' choice is not trivial). 
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Now let T{(BiS^\r)* be the injective coresolution of (BiS^' ^'''' obtained by 
contracting the p-complex ■ B*^i{r) (that is, the complex T{Q)iS^\r)* = 

®ir(S'*'\ r)* is the one used in section HTT|) . If / is a r-twist compatible map 
define T{f,r)* := /{Ulr €) -^)[i]- By proposition 13.71 this defines a functor 
from TrVk (or equivalently from TrV^) to cochain complexes. To sum up, 
we have proved the following result. 

Proposition 8.6. Let r be a nonnegative integer. The complexes T(S^,r)* 
of section^4jJ\ define an additive functor T( — , r)* from the r-twist compatible 
category TrVk to the category of cochain complexes, which sends an object F 
to an injective coresolution of F^"^' and a morphism f : F ^ G to a chain 
map T{f,rY : T{F,r)* -^ T{G,r)* which lifts f^'^l 

Remark 8.7. For r = 1, we have T(— , 1)* = —mi oT where T is the functor 
of |TH Prop 3.13] (T has values in p-complexes) . Contrarily to |Tll Prop 
3.13], we do not assert any compatibility of T{—,r) with tensor products 
in proposition 18.61 Indeed for r > 2, the isomorphism B{r)'^{V © W) ~ 
0j_,_,-=^i?(r)|(F) ® B{r)j(W) induced by the exponential formula does not 
commute with the p-differentials, so it is not clear how to get a compatibility 
result with tensor products (this problem already appears in remark [5. 7p . 

In section [4.11 we computed the complexes Hom(i^(''',T(S'^,r)*). Now 
we can consider T(—,r) as a functor, and the analysis performed in section 
14.11 vields the following result. 

Proposition 8.8. Let F ^ V^ and let r be a nonnegative integer. For all 
J G FrVk, the cochain complex ]iom.{F^^\T{J,r)*) is zero in odd degrees (so 
its differential is trivial). Moreover, there is a graded isomorphism, natural 
with respect to morphisms f : F' ^>- F in Vt and g : J —^ J' in TrV^: 

Hom(F(''),T(J,r)*) ~ Hom(F, J(£;^ (g) /)) . 

Proof. The cancellation property is given in lemma [331 The naturality is a 
particular case of lemma 14.51 D 

8.2. A partial answer to conjecture 18.11 

Definition 8.9. Let F ^ V^ and let r be a positive integer. An r-twist 
compatible coresolution of -F is a cochain complex Jp in TrVk, which is a 
coresolution of F^. 

Proposition 8.10 (examples). Let r be a positive integer. 

(i) The symmetric powers 5" admit r-twist compatible cores olutions. 
(ii) The kernels of the reduced bar complex B{S*) (in particular the ex- 
terior powers A"') admit r-twist compatible coresolutions. 
(iii) The kernels of the reduced bar complex B{A*) (in particular the di- 
vided powers r"j admit r-twist compatible coresolutions. 
(iv) If F and G admit r-twist compatible coresolutions, so does F (^G. 



The objects of TrVk are injectives of Vh- Thus, r-twist compatible coresolutions of F 
are actually injective coresolutions of F. 
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Proof. For (i), take S"" as a resolution of 5". For (ii), we know [Tl] Lm 3.19] 
that B{S*) has homology A". Moreover, the differential of B{S*) is r-twist 
compatible, since it is build by taking linear combinations of tensor products 
of permutations S'^ ^S^ ~ 5-^ (8) 5"* and multiplications S'^ ^S^ — >■ S^^^ which 
are r-twist compatible. So, the homogeneous part of polynomial degree n 
of B(S*) yields a complex J^„ in TrVk which looks like: 

jO " V ' „_i 

The cohomology of J^„ equals A" concentrated in degree 0, so A" admits 
Jyyn as an r-twist compatible coresolution. If K is degree n homogeneous 
strict polynomial functor which is a kernel of a differential of B{S*), then 
K admits a truncation of J^„ as an r-twist compatible coresolution. The 
proof of (iii) is similar (one must work in the double reduced bar resolution 
B(B{S*)), as in LXl] Prop. 3.21]). Finally, (iv) follows from the stability of 
%'Pk by tensor products. D 

We are now ready to prove the main theorem of section [HI 

Theorem 8.11 (A partial answer to conjecture 18. ip . Let F,G G Vk and let 

r be a positive integer. Assume that G admit an r-twist compatible cores- 
olution. Then there is a graded isomorphism, natural in F (take the total 
degree on the right handside): 

Ext*(FW, G('^)) ~ Ext*(F, G{Er ® I)) . 

Thus, the twisting spectral sequence E{F, G, r) collapses at the second page. 
Similarly, if F^ has an r-twist compatible coresolution, YjyA* {F^ ^G^"^') is 
graded isomorphic (naturally in G) to Ext*(F(Sr ®I),G), and the twisting 
spectral sequence E{F, G, r) collapses at the second page. 

Remark 8.12. Theorem 18.111 generalizes |C2l Cor 4.2] (One can prove that 
Chalupnik's result is equivalent to the case -F" = A'^). The latter result is 
the key result (together with [C21 proposition 3.1]) to compute the extension 
groups Ext* (A* (j') , r* (*■) ) and Ext* (5* (^'^ , F* (^) ) . 

Proof of theorem \8.11[ Assume that G admits a r-twist compatible coreso- 
lution J*. Then the totalization of the bicomplex T{J*,r)* is an injective 
coresolution of G^^'. Hence Ext*(-F''"\ G^^') may be computed as the homol- 
ogy of the totalization of the bicomplex B*'*{F,r) := iioTa{F^'^\T[J* ,r)*) 

Now by proposition 18.81 the odd rows B*' ~^^{F,r) of B*'*{F,r) are zero 
(so the vertical differential of this bicomplex is trivial) and the totalization 
of B*'*{F,r) is isomorphic (naturally in F) to Hom(F, J*{Er (8) /)). 

But the homology of the latter complex computes Fixt*{F,G{Er ^ /)), 
whence the first isomorphism. 

The collapsing of the twisting spectral sequence follows for dimension 
reasons by corollarv l7.7r ii). Finally, the case when F"^ has an r-twist injective 
coresolution follows by duality [FS', Prop 2.6]. D 
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8.3. A combinatorial problem. Let {C*,d) be a complex in Vk, whose 
objects are finite direct sums of functors of the form S^. For each object 
C'' := 0"=! >?''", we define an object C^ := ®1^^SP^'\ The canonical 
inclusions S'^^^' M- S^^^ yield a graded injection: C*^^' ^^ C*. Since the 
objects of C* are injective it is always possible to find maps d^ : C^ ^ C'^'^^ 
whose restrictions to C''^^' equal d^^^' . But if we construct the d^ by an 
abstract injectivity argument, we do not have 5 o 9 = in general. 

Problem 8.13. For all F € V^, find a coresolution {Jp,d) by direct sums 
of functors of the form S^ such that the following holds. There exists a 
family of liftings d^ : Jp —)■ Jp^^ , k >0, of the differentials d''^^\ such that 

If F admits a 1-twist compatible coresolution {Jp,d), then 9 is a lifting 
of d^^' to Jp such that 9 o 5 = 0, so in that case we can solve the problem. 

An answer to the problem 18.131 would imply a positive answer to the 
collapsing conjecture 18.11 Indeed, assume that we can solve the problem for 
G. Then, by propositions 13.41 and 13.71 the bigraded object J(^(lIIr (8) /) is 
endowed with a vertical p-differential 5 and a horizontal differential 0(111^ CE) 
/) which commute. Moreover, if we contract the columns (i.e. apply the 
functor —Ml columnwise), we obtain a bicomplex Jq whose totalization 
is an injective coresolution of F. Then for all F G Pk we can analyze 
IIom(F('"'', Jq*) as in the proof of theorem 18.111 to conclude that E{F, G, 1) 
collapses. Now, as observed in remark 18.21 if E{F, G, 1) collapses for all 
F, G, then conjecture 18.11 is valid. 

9. Appendix: review of the construction of Troesch 

p-COMPLEXES 

In this appendix, we review the construction of Troesch p-complexes from 
[Tr] (with our notations and conventions from section [2]). As usual, we work 
over a ground field k of prime characteristic p. 

9.1. A preparatory lemma. Let U he a finite dimensional graded vector 
space over k. We consider S*{U) as a graded object in the usual way (e.g. if 
X (resp. y) in a homogeneous element of degree i (resp. j), then xy G S*{U) 
has degree i + j). Recall that if C is a coalgebra, A is an algebra, and 
f,g£ Endik(C, j4), the convolution f -k g : C ^ A is the composite: 

C^C0G^A(g,A^A. 

The following lemma gives a way to construct p-differentials on S*{U) from 
p-differentials on U. It encompasses the computations of [Tri. Prop 4.1.4, 
4.1.5 and 4.2.6]. 

Lemma 9.1. Let (/) : U ^ U be a morphism of graded vector spaces, which 
raises the degree by an integer a. The convolution ld-kS*{4>) splits as a sum 
of morphisms (pd '■ S*{U) -^ S*{U) such that for all d > (j)d raises the 
degree by da. The morphisms cpd satisfy the following properties. 

(1) For all d,e>0, (pd o (pe = (pe o 4>d- 

(2) If (p is a p-differential, then for all d > 1, <pd is a p- differential. 
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(3) Let ip : U ^ U be another morphism of graded vector spaces, which 
raises the degree by (3. If (p and ip commute, then for all d,e > 0, 

(pd°tpe ='tpe°(l)d- 

Proof. Observe that (3) implies (1). Let us prove (3). For all d > 0, the 
restriction of (pd to the graded object S'^^{U) can be explicitly described as 
the composite 

If (xi, . . . , Xn) is a family of elements of U and if J C {1, . . . , n}, we denote 
by xj the product of the Xj, for j ^ J (so xj G S'^^'^'^^'^'{U)). The comulti- 
plication A : 5"(C/) -^ S''~'^{U) ® S'^{U) sends a product xi • • • x„ G S'''{U) 
to the sum of the xj (^ xk G S"'~'^{U) (X) S'^{U), where the sum is taken over 
all partitions J U K oi {1, . . . ,n} into a subset J of n — d elements and a 
subset K into d elements. So we have the equality: 



4>d{xi ■ 


Xfi) — 




1^ 




XJ 


■ 4>{x)k ■ 




JUK-- 


={1, 


...,n} ciird(K)= 


--d 




A similar formula holds for ^pg■. 












V'e(2/i • • 


■ Vn) = 




1. 




VL 


■ <P{y)M ■ 




LUM= 


={1, 


...,n} card(M) = 


-e 





Putting these two formulas together, we compute that the composite ipe ° 4>d 
is given by the formula: 

{^pe ° (pd){xi • • • x„) = ^ xjnL ■ (pix)KnL ■ ^{x)jr\M ■ (-0 ° <P)ix)KnM , 

where the sum is taken over all partitions J U K = {1, . . . ,n} and LU M = 
{1, . . . , n} such that K has cardinal d and M has cardinal e. Similarly, 

{(pd o ipe){xi • • • x„) = ^ xjnL ■ (pix)KnL ■ ipix)jnM ■ {(p ° tp)ix)KnM ■ 

Since (po ip = ip o (p the two expressions are equal. This proves (3). 

Now we prove (2). Since the (pd commute with each other by (1), Newton's 
binomial formula yields an equality: 



bdf 



d=0 

In this formula, the sum is finite on each summand S^{U), and the exponent 
refers to composition of morphisms. So, to prove that the iterated composi- 
tions {(pdY are zero for d > 0, it suffices to prove that (Id-k S* {(p)Y equals the 
identity map. Let f,g : S*{U) — > S*{U) be two Hopf algebra morphisms. 
Then it follows from the axioms of commutative Hopf algebras satisfied by 
S*{U) that: 

(Id*/)o(Id*<7)=Id*(/*<7*(/o5))- 
Using the axioms of Hopf algebras, and the commutativity and the cocom- 
mutativity of S*{U), we check that {f * g * {f o g)) is a morphism of Hopf 
algebras. So we can iterate the computation. In particular, if / is of the 
form S*{(p), with (p an endomorphism of U, we get the formula: 

{idi.s*{(p)f = idi.{s*{(py) . 
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If (/) is a p-differential, then S'*((/))p = S'*((/)P) = 5*(0) = 77 o e (where rj, 
resp e is the unit, resp. counit, of S*{U)). Since 7/ o e is the unit for the 
convolution, we obtain that (Id * S* {(j)))^ = Id. This concludes the proof of 
lemma 19.11 D 

9.2. Construction of Troesch p-complexes. We now turn to describe 
the construction of the p-complexes i?rf(r)*. Let V be a finite dimensional 
vector space (the elements of V are considered as elements of degree 0). As 
a graded object, we let: 

Bd{rnV):=S*{Ulr^V), 

where 111,. is the graded vector space which equals k in each degree i, for 
< i < p'^ . To define the p-differential on B(i{r)*{V), we proceed in several 
steps. 

Step 1. First, we observe that there is a canonical isomorphism of graded 
vector spaces: 

mf ^ (g) in^^^ (g) • • • m^''"^^ ~ m^ . 

Indeed each III^ is (according to the conventions of section [21 which define 
the Frobenius twist !'••''' on graded vector space^l as an operator which mul- 
tiplies the degrees by p'^) a direct sum of copies of k, one in each degree p^i 
for < i < p. 

Step 2. On each III^ we define a 'translation operator' p^^' : Uli -^ 

(k) h (k) 

UI\ , which maps the summand k of degree pi of III^ identically onto the 
summand k of degree p''{i + 1) of III^ Hi < p— I, and which is zero in the 

other degrees. Thus, p^ ' raises the degree by p and it is a p-differential: 
(pik))p = 0, 

Step 3. Now we use the translation operators pk and lemma [9TT] to define 
a bunch of p-differentials on the graded functor Bfi{r)*{V). Namely, for all 
integer s such that < s < r, and for all positive integer i we let 

d--^-^ := (mf ^ . . . ^ mS^-^) ® p(^) ^ mi^+^) ^■■■® mf> ^v)^. 

That is, d^~^-' is the part of Id * 5*(mf ^ • • • ® p^") ■ ■ ■ (g) mf "^^ (g) V) 
which raises the degree by ip^ . By lemma 19.11 these morphisms df satisfy 
the following properties. 

(i) For all ^ > and all s E {0, ... ,r — 1}, d| raises the degree by 

(ii) For all £ > and all s € {0, . . . , r — 1}, df is a p-differential. 
(iii) For ah k,i > and all s,t e {0, ... ,r - 1}, df o dl = d^od^. 

Step 4. Finally, we define the differential d on Bci{r)*, which raises the 
degree by p'^~^, by the formula: 

d := d? + 4 + • • • + d;r-\ . 

(It is a p-differential thanks to properties (ii) and (iii) given in step 3.) 



-"Here, we use the convention IIIj^ = llli 



(0) 
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Remark 9.2. If r = 1, the p-complex Bd{l)*(y) equals 5'^(mi (g) F) as a 
graded object. Its differential d = d^ equals the composite: 

S'^{mi ® V) A5"'~^(mi ®v)® (nil ® v) 

}^^k^ sd-\m, y) (nil ^v) ^ s^{ui, v) . 

The exponential formula yields an isomorphism of graded functors S'"'(ini ® 
y) ~ S^^{V), where the sum is taken over all p-tuples fi = (//q, • • • , fJ-p-i) 
of weight d, and each S^^{V) is placed in degree "^ifii- If we denote by 

6: S^(^S^ ^ 5*-i Si+^ the composite 

Then the differential d can be rewritten as the sum 

d = y^ Id (g) • • • (g) Id (g)5 (g) Id (g) • • • (g) Id 

''~^ i factors p— 2— j factors 

This corresponds to the expression given in [Tr, Section 3.1, p. 1062]. 
Remark 9.3. If r > 2, we denote by ni^''^ the graded vector space: 

ml''' := m^''^ (g inf ^ (g • • • (g m[^^ (g • • • (g m^*""^^ . 

Permutation of the factors of tensor products yields isomorphisms Xs '■ 
Ull'^ ~ in^'* for all < s < r. The maps is{r) defined in [Tr', Def 4.2.1] can 
be identified, though the exponential isomorphism, with the isomorphisms 

S^m'/ ® V) ^^^ 5*(m°'^ V). Thus, the differentials d| defined by 
Troesch in |Trl Def 4.2.2] coincide with ours. 

9.3. The homology of Bd{l)* • The following result is proved in [Tr[ Sec- 
tion 3]. We quote it without proof. 

Theorem 9.4 ([El Thm 3.1.2]). Let d > 0. let us identify S"^(i) with a 
subfunctor of Bp(i[\)* of cohomological degree via the inclusion 

Then the p-complex Bp(i{l)* is a p- cores olution of S^^' (in particular, the 
p- differential of Bpd{l)* vanishes on S'^^^'). 

If d is not divisible by p, then B^(l)* is p-acyclic. 

9.4. Some maps bet^veen Troesch p-complexes. Let us define a mor- 
phism: 

i : 5rf(r)*(y(i)) = S'^iUIr F(i)) ^ SP'^iUIr+i 0V)= Bpd{r + 1)*{V) 

as the composite: 

5'^(m^ cs> v^^^) ~ 5^(i)(m^ csv)^ SP'^iuir ^v)^ 5^'*(ni^+i ^ v) . 

Here, the first morphism is induced by the isomorphism ni,. ~ Ulr which 
maps the summand k of degree i of Ulr identically onto the summand k of 
degree pi of Ulr ■ The second map is induced by the canonical inclusion 
gd(i) ^_^ gpd^ g^^^ ^j^g jg^g^ HI Bp Is luduced by the canonical inclusion of 
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(r) 

graded objects of III^ into III^ (g) Iil\ ' = ni^+i. The following lemma follows 
from the construction of the differentials of B^^r)* . We use it in lemma [221 

Lemma 9.5 (Compare |Trl Lemmas 4.3.4 and 4.3.5]). The morphism l 
sends an element of degree i of B(i{r)*(V^'^') to an element of degree pi of 
Bpd{r + V)* {V) . Moreover, it commutes with the p- differentials. 

Proof. The assertion on degrees is clear. Let us prove that i commutes with 
the p-differentials. In this proof, we denote by d the p-differential of Bd{r)* , 
and by D the p-differential of Bpdir + 1)* . We also denote by i' the inclusion 
of graded functors: 

5<^(i)(m,. ®v)^ s^'^imr ®v)^ 5P'^(m,.+i ® v) . 

step 1. We define a p-differential d' on 5°'(m^^^®y(i)) = S'^^^\mr®V), 
which raises the degree by p^ , as the sum 

Qj . d rQ \ ' ' ' I Ql rQT ; 

where d'l denotes the part Id*S"^(m^^^ (g)- • •(g)p('') (g)- • -(gjinf ^ (8)F(^)) which 
raises the degree by ip°^~^ . 

By definition of d', the isomorphism S"^(lIIr(g)/'^^'') ~ 5'^*^-'^) (111^(8)/) induces 
an isomorphism of p-complexes (Srf(r)*(y(^)), d^^^) ~ {S'^^^^{\i\r ® ^),t?')> 
which sends an element of degree i of the first p-complex to an element of 
degree pi of the second p-complex. 

Thus, to conclude the proof of lemma 19.51 it suffices to prove that t! 
induces a degree preserving morphism of p-complexes: 

(5'^«(m,»y),d')-^(i3p,(r + ir(y),D) 

Step 2. We write the p-differential D of Bp^^r + 1)*{V) as the sum of 
two p-differentials: 

D = D' + D" with D' = D^ + --- + W:;}^ and D" = D^r , 

where Df is the part of Id -k ^^^(mf ^ • • • p^"*) ® ■■■® mf'^ ® V) which 
raises the degree by i.p'^~'^ . By definition of d' and D' , the inclusion l' : 
5'i(i)(XII^ (g) /) ^-^ 5P°'(lIIr ® inP (g) V) induces an inclusion of p-complexes 

(5^(i)(in, ^ F), d') ^ {Bpdir + inV),D') . 

Step 3. So, to finish the proof, it suffices to check that D" vanishes on 
the graded subfunctor S'^^^'^iUlr (g V) of Bpd{r + 1)*{V). 
We have a commutative diagram: 

5P^(mi m^ y) -^ SP'^iuir (g mf ^ ^ v) 



5'^W(m^ V) ^=^= S'^W(uir (g V) 

where the vertical arrow on the left is the inclusion from theorem 19.41 eval- 
uated on UI^ ig) V, the vertical arrow on the right is our map l' and the 
horizontal arrow (*) is induced by the isomorphism IIIi ~ III^'^ which maps 
an element of degree i of IIIi identically on same the same element with 
degree p'^i of III^'^ . 
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Let US denote by d" the p-difFerential oi Bd{l)* ■ By definition of d" and 
D" , the isomorphism (*) induces an isomorphism of p-complexes 

(Spd(i)*(m, V), d"(m, ® V)) ~ {Bpd{r + ir{V),D") . 

We know by theorem 19.41 that the differential ^"(111^ ® V) vanishes on 
^'q' (1) (^XII^ (g) yy Since the diagram commutes, this means that D" vanishes 
on S'^^^>{\iir ® y)- This concludes the proof. D 

9.5. The homology of B(i{r)*. The following result corresponds to |Trl 
Thm 4.3.2]. For the sake of completeness, we give a sketch of Troesch's 
proof below. 

Theorem 9.6 ( |Trl Thm 4.3.2]). Let r be a positive integer and let d be a 
nonnegative integer. The p- complex Bpr^[r)* is a p-coresolution of S'^^^'. If 
d is not a multiple of p^ then the p-complex B(i{r)* is p-acyclic. 

Proof (Troesch). The proof goes by induction on r. For r = 1, the result is 
given by theorem 19.41 So we now assume that theorem 19.61 is true for r, and 
we want to prove it for r + 1. We concentrate on the case of the homology 
of B^pr+i{r + 1)* (the case of the homology of Bd{r + 1)* when p'' /\d is 
similar). 

We denote by d the p-difFerential Bpr^(r)*, and by D the differential of 
Bpr+i^(r + 1)*. We have seen in the proof of lemma 19.51 that D can be 
written as the sum of two commuting p-differentials D' and D" such that 
the following two conditions are satisfied. 

(a) The inclusion l : Bpr^{r)*^^> ^-> Bpr+i^{r + 1)* from section 19.41 
induces a morphism of p-complexes: 

iBpra{rr^'\S'^) ^ iBpr+^^ir + ir,D') 

which sends an element of degree i of Bpr^[r)*^^' to an element of 
degree pi of Bpr+i^{r + 1)* (this is proved in the first two steps of 
the proof of lemma 19. 5p . 

(b) {Bpr+i^{r + 1)* ,D") is a p-coresolution of Bpr^[r)* ^^' (this is a con- 
sequence of step 3 of the proof of lemma 19. 5p . 

If p = 2, then we can say that {Bpr+i^{r + 1)* ,D' ,D") is an ordinary 
bicomplex, and there is an associated spectral sequence converging to the 
homology of the total complex, that is {Bpr+i^{r + 1)*,D). The zero-th 
page of the spectral sequence is the complex (i?pr+i^(r + 1)*,D"), whose 
homology equals Bpr^[r)*^^\ concentrated in the first column by condition 
{b). Now condition (a) ensures that the first page of the spectral sequence 
equals the complex {Bpr^[rY''^\d^^>) concentrated in the first column. By 
induction hypothesis, its homology equals S^^~^^' , concentrated in bidegree 
(0,0). Hence {Bpr+i^{r + 1)*,D) is a coresolution of 5'^'-''"'*"^) and we are 
done. 

If p > 2, the theory of spectral sequences arising from p-bicomplexes 
does not exist, but Troesch shows in \Tt\ Lemma 4.3.6] that the conclusion 
remains valid for bicomplexes of that kind. Hence we obtain that {Bpr+i^(r+ 
1)*, D) is a p-coresolution of S^^~^^' . D 
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